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Abstract. We present random sampling algorithms that with probability at least1 − δ compute a
(1±ǫ)-approximation of the clustering coefficient and of the number of bipartite clique subgraphs of a
graph given as an incidence stream of edges. The space used byour algorithm to estimate the clustering
coefficient is inversely related to the clustering coefficient of the network itself. The space used by our
algorithm to compute the numberK3,3 of bipartite cliques is proportional to the ratio between the
number ofK1,3 andK3,3 in the graph.
Since the space complexity depends only on the structure of the input graph and not on the number of
nodes, our algorithms scale very well with increasing graphsize. Therefore they provide a basic tool
to analyze the structure of dense clusters in large graphs and have many applications in the discovery
of web communities, the analysis of the structure of large social networks and the probing of frequent
patterns in large graphs.
We implemented both algorithms and evaluated their performance on networks from different appli-
cation domains and of different size; The largest instance is a webgraph consisting of more than135
million nodes and1 billion edges. Both algorithms compute accurate results inreasonable time on the
tested instances.

1 Introduction

The analysis of the structure of large networks often requires the computation of network indexes based on
the number of certain small subgraphs. Much attention has recently been devoted to the structural analysis
of networks arising in information systems; Physical telecommunication connections, overlay networks,
and software systems are some examples. The observation of certain dense subgraphs in the webgraph,
the graph formed by web pages and hyperlinked connections, has also been considered in the attempt
of tracing the emergence of hidden cyber-communities [12].The counted subgraphs are typically dense
bipartite cliques of small size that are interpreted as cores of web communities: The vertices in the left
partition of the bipartite clique are considered as member pages pointing to a set of centers/authorities for
the community. A large number of these subgraphs has been observed in large crawls of the Web by Kumar
et al. [12] and by Laura et al. [14]. A stochastic model of graphs that resembles the structure of the Web
[13], called thecopying model, uses these dense subgraphs as building blocks of the process of network
formation of the Webgraph. Counting the number of such subgraphs therefore provides deeper insight into
the construction process of large graphs and can provide justifications for different construction models.

Another network index widely used in the analysis of complexnetwork structures is theclustering
coefficient[18]. It is defined as the normalized sum of the fraction of neighbor pairs of a vertex that are
connected. It measures the degree at which clusters decompose into communities [6]. See Section 3 for an
exact definition of the clustering coefficient.

Estimating the value of network indexes in large graphs is a challenging computational task. Current
state of the art methods are either computationally unfeasible on large data sets or do not provide guarantees
on the accuracy of the estimation. The best known methods forthe solution of the simplest non trivial
version of this problem, i.e. counting the number of triangles in a graph, use matrix multiplication [4].
Even on graphs of medium size this is not computationally feasible because of both the time complexity
and the main memory usage required to store the whole graph. Schank and Wagner [17] gave an extensive
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experimental study of algorithms counting and listing triangles and computing the clustering coefficient in
small and medium size graphs. Their algorithms work in main memory and report results for graphs up to
668 thousand nodes.

A natural way to address massive data sets consisting of morethan 100 million nodes is the data stream
model [10,?]. In this model data arrives in a stream, one item at a time, and the algorithms are required to
use very little space and per-item processing time. Data stream algorithms are able to sequentially read the
data from secondary memory storage devices and avoid slow random access to the data. Even massive data
sets which do not fit on any available storage device could be handled.

Data stream algorithms have been proposed for various problems. Examples are the computation of
frequency moments [1], histograms [9], or Wavelet transforms [8]. The large body of work on data stream
algorithms contrasts with a lack of efficient solutions of natural graph problems in the streaming model of
computation [10]. Bar-Yossef, Kumar and Sivakumar [19] gave a first solution for counting triangles in the
data stream model. They considered both the “adjacency stream model” where the graph is presented as a
sequence of edges in arbitrary order and the “incidence stream” model where they consider only bounded-
degree graphs and all edges incident to a vertex are presented successively. Their algorithms provide anǫ
approximation with probability1 − δ using a number of memory cells in some cases smaller than a naive
sampling technique algorithm. The algorithms are obtainedthrough a so called ”list” efficient reduction to
the problem of computing frequency moments [1]. Subsequently, more algorithms to count triangles have
been developed for the adjacency stream model [11, 2], and the incidence stream model [2].

Schank and Wagner [17] gave an algorithm, which returns withprobability1−δ a(1±ǫ)-approximation
on the clustering coefficientCG of a graphG when the graph is given as an incidence stream. It needs two
passes over the data andO(log 1

δ
· 1
ǫ2·CG

) memory cells. We will recap the algorithm in Section 4.

2 Our results

In this paper we present random sampling data stream algorithms to compute the clustering coefficient and
the number of bipartite cliques in graphs given as an incidence stream.

We improve the 2-pass streaming algorithm of [17] to estimate the clustering coefficientCG. Our new
algorithm only requires one pass over the stream of edges. Although the memory needed by our improved
algorithm is slightly larger (O(

log(1/δ)·log(|V|)

ǫ2CG
· log 1

ǫδCG
) memory cells compared toO(log 1

δ
· 1
ǫ2·CG

)

memory cells needed by the 2-pass algorithm), our techniqueenables the application of the algorithm in
real streaming scenarios. Distributed crawlers collecting Web pages and their links could perform structural
analysis of the Webgraph online while transfering the data to storage devices. Our new algorithm is also
applicable to graphs which are too large to be stored at all.

We also provide a data stream algorithm that computes a(1±ǫ)- approximation of the number ofK3,3
(bipartite cliques having three nodes in each partition) ina graph given as an incidence stream ordered by

destination nodes with outdegree bounded by∆. The algorithm needsO
(

log(|V |) ·
K3,1·∆

2 ln( 1
δ

)

K3,3·ǫ2

)
memory

cells. Previous techniques to count subgraphs [11,?] could only be applied to the estimation of subgraphs
containing a star (triangles or complete cliquesKi for example). Our algorithm is based on a new sampling
technique, which can be extended to estimate the number of bipartite cliquesKi,j for arbitraryi and j.
Since the space complexities of our algorithms depend only on the structure of the input graph (and not on
it’s size), they can be used to estimate these structural properties even for large webgraph crawls.

We present optimized implementations of the algorithms andtests on networks including large web-
graphs, graphs of the largest online encyclopedia Wikipidia [3], and graphs of collaborations between
actors and authors. Our results show that for all networks a relatively small number of memory cells already
suffices to provide good approximations of the clustering coefficient and the number of bipartite cliques.

2.1 Structure of the paper

We present in Section 4 the algorithm to estimate the clustering coefficient and in Section 5 the algorithm to
countK3,3 cliques. Section 6 introduces the optimized implementations of the algorithms which are tested
on real data sets in Section 7.



3 Preliminaries

Let G = (V, E) denote a directed graph without self-loops. We assume thatG is given as a stream of
incidence lists, one incidence listL(v) for each nodev ∈ V . The incidence listL(v) of a nodev consists of
all edges that are directed tov, i.e. all edgese ∈ E of the forme = [u, v〉 for someu ∈ V . The incidence
lists can appear in arbitrary order in the stream. We also do not assume a particular order of the edges of an
incidence list. When we consider undirected graphs, we simply assume that every edge is represented by
two undirected edges, appearing in the incidence lists of both nodes.

There are natural motivations for the model of incidence lists. Big graphs as the webgraph are often
retrieved by crawlers who essentially produce streams of incidence lists. Furthermore even a stream of all
known edges in the webgraph can be transformed into a stream of incidence lists by one round of a parallel
computing environment such as Googles MapReduce (the complete process is described in [5]).

Definition of Clustering Coefficient.Let G = (V, E) be an undirected graph. For every vertexv ∈ V let
N (v) denote its neighborhood, i.e.N (v) = {u ∈ V : ∃(u, v) ∈ E}. Theclustering coefficientCv of a
vertexv ∈ V of G is defined as the probability that a random pair of its neighbors is connected by an edge,
i.e.

Cv :=

∣∣{(u,w) ∈ E : u ∈ N (v) andw ∈ N (v)
}∣∣

(
|N (v)|
2

) .

In case of|N (v)| < 2 we defineCv := 0. Theclustering coefficientCG of G is the average clustering
coefficient of its vertices.

4 Approximating the Clustering Coefficient

In this section we recapitulate how to approximate the Clustering Coefficient using an algorithm from [17],
which we state only for the unweighted case.

APPROXCLUSTERINGCOEFFICIENT(G,s)

samples verticesw1 , . . . , ws uniformly at random
for i = 1 to s do

sample a random pair(u, v), u 6= v, of points uniformly fromN (wi)

if (u, v) ∈ E then setXi ← 1

else setXi ← 0

Output X := 1
s
·
∑s

i=1 Xi

It is easy to see that the algorithm can be implemented in two passes over the data. One pass to select
the random vertices and the random pairs of neighbors and another pass to check for each pair of neighbors
whether they are connected by an edge. For sake of completeness we give an analysis of the algorithm
below. We first show that the expected value ofXi is exactlyCG. We have for eachi ∈ {1, . . . , s}:

E[Xi] =
1

n
·
∑

v∈V

E[Xi | wi = v] =
1

n
·
∑

v∈V

Cv = CG .

Then we use the fact that for0− 1 random variables we have

Var [Xi] ≤ E[X2i ] = E[Xi] = CG .

Now we analyze the variance ofX. Since theXi are mutually independent we get

Var [X] = Var [
1

s
·
s∑

i=1

Xi] =
1

s2
·
s∑

i=1

Var [Xi] ≤
CG

s
.



Finally, we can apply Chebyshev inequality. This gives us

Pr
[∣∣X− E[X]

∣∣ ≥ ǫ · E[X]
]
≤

Var [X]

(ǫ · E[X])2
≤

CG

s · ǫ2 · C2G
=

1

s · ǫ2 · CG
.

If s ≥ 3
ǫ2·CG

then with probability2/3 the algorithm APPROXCLUSTERINGCOEFFICIENT approximates
the clustering coefficient ofG within a relative error of(1 ± ǫ). A standard success amplification tech-
nique (running the algorithmΘ(log 1

δ
) times and returning the median of all results) leads to the following

corollary, which follows immediately from [17][Theorem 1].

Corollary 1. There is a 2-pass streaming algorithm which with probability 1 − δ returns a (1 ± ǫ)-
approximation on the clustering coefficientCG of a graphG when the graph is given as a incidence
stream. It needsO(log 1

δ
· 1
ǫ2·CG

) memory cells.

Remark 1.The memory we use depends directly on the clustering coefficient itself. Since we do not know
the exact clustering coefficient, this can be seen as a drawback of the algorithm. To overcome this problem
we provide in Appendix A a method which takes a memory bounds and a data stream as input and returns
an approximation of the clustering coefficient together with an estimation of the accuracy. The description
of the algorithm then no longer depends on the value of the clustering coefficient itself.

Since the theoretical bounds for the method of Appendix A arerather loose, we suggest another ap-
proach for practical applications: Start our algorithms using all available memory cells, do a few parallel
experiments and estimate the error by the deviation of the results of the different runs. Our implementation
results show that one gets good approximations of the clustering coefficient using that approach.

4.1 A one-pass algorithm

In this section we show that it is possible to reduce both passes of the algorithm above to one pass over the
incidence stream. Again we sample a vertexw uniformly at random, pick two of its neighbors uniformly
at random, and check whether these neighbors are connected by an edge.

To pick two random neighbors ofw we use random hash functions in a way somewhat similar to
random sampling in dynamic data streams [7]. We will requirea guess2j of the degree ofw for each value
of j ∈ {0, . . . , ⌈logn⌉}. For each guess we pick a random hash functionhj : V → {1, ..., 2j}. Since we can
count the degree ofw while passing over the data stream, we can at the end of our algorithm pick the right
value ofj (having approximately2j = degree(w)) and forget all other values ofj. For the right value ofj
the hash function will map with constant probability exactly two vertices from the neighborhoodN (w) of
w to the value1, i.e. |h−1

j (1) ∩ N (w)| = 2. Conditioned on this event, these two vertices are distributed
uniformly at random amongN (w). They will be our two sampled vertices. The algorithm outputs a random
variableX having expected valueCG. In case we do not have exactly two neighbors ofw mapped to1 by
h, it outputs an error (⊥). We assume fully random hash functions.

In the algorithmuj, vj are random variables for the first and second neighborx ofw havinghj(x) = 1.
The variableXj denotes the output value forj = ⌈logd⌉, whered is the degree ofw.



ONEPASSCLUSTERINGCOEFFICIENT

sample a vertexw uniformly at random
for j = 1 to ⌈logV⌉ do

Xj ← ⊥; uj ← ⊥; vj ← ⊥
hj ← random hash functionh : V → {1, ..., 2j}

for each incidence listL(x) in the streamdo
for j = 1 to ⌈logV⌉ do

if hj(x) = 1 andw ∈ L(x) then // (x ∈ N (w) will be sampled)
if uj = ⊥ thenuj ← x // (x is first sampled neighbor ofw)
else

if vj = ⊥ then
vj = x // (x is second sampled neighbor ofw)
if uj ∈ L(x) thenXj ← 1 // (check, if there is edge betweenuj andvj)
elseXj ← 0

elseXj ← ⊥ // (|h−1 ∩ N (w)| > 2)
if x = w then d ← |L(x)| // (set the degree of w to the right value)
if d < 2 then output 0
if d ≥ 2 then output X⌈logd⌉

Theorem 1. With probability 1
44

the algorithmONEPASSCLUSTERINGCOEFFICIENT does not output⊥.
If it does not output⊥ it outputs a0− 1 random variableX having expected valueE[X] = CG.

Proof. Let d be the degree of nodew andd̃ = 2⌈logd⌉. We haved ≤ d̃ ≤ 2 · d. Let beh := h⌈logd⌉,
u := u⌈logd⌉, andv := v⌈logd⌉. At the end the algorithm chooses the resultX⌈logd⌉. The algorithm outputs
X 6= ⊥ iff exactly 2 nodes adjacent tow are hashed to1 by h. In that case these two nodes are chosen
uniformly at random. The first of these nodes is stored in variableu, the second in variablev. Finally
X⌈logd⌉ is set to one iff the incidence list ofv contains nodeu, so iffw,u, andv form a triangle.

It remains to show that with probability1/44 exactly two neighbouring nodes are hashed to1 by h.
There ared nodes adjacent tow, each one is hashed to1 by h with probability 1

d̃
. Let x1, ..., xd be the

neighbouring nodes ofw. If d < 2 the algorithm always outputs the correct valueX = 0. Ford ≥ 2 we
obtain:

Pr
[
|{x ∈ N (w)|h(x) = 1}| = 2

]

=

d−1∑

i=1

1

d̃
· Pr

[
∀x∈{x1,...,xi−1}h(x) 6= 1∧ |{x ∈ {xi+1, ..., xd}|h(x) = 1}| = 1

]

=

d−1∑

i=1

1

d̃
·

(
1−

1

d̃

)i−1
·

d∑

j=i+1

1

d̃
·

(
1−

1

d̃

)d−i−1

=
1

d̃2

(
1−

1

d̃

)d−2

·
d−1∑

i=1

(d− i)

=
1

d̃2
·
d(d − 1)

2
·

(
1−

1

d̃

)d−2

≥
d(d − 1)

8d2
·

(
1−

1

d

)d
≥
1

8

(
1−

1

d

)
·
1

e
≥

1

16e
≥
1

44

To approximate the clustering coefficient in one pass we start s · r instances of ONEPASSCLUSTER-
INGCOEFFICIENT for s = Θ(log 1

δ
· 1
ǫ2·CG

) andr = log 2s
δ

/
log 44

43
. We devide the instances intos groups

of r instances.
Fix one group. We bound the probability that all instances inthe group return⊥: For each instance the

probability to return⊥ is bounded by43/44, therefore we have a probability of at most(43
44

)r = δ
2s

for
the event that all instances of the group return⊥. If this is the case for one of our groups, our algorithm
fails. Since we haves groups, each of them failing with probability at mostδ

2s
, our algorithm fails with

probability at mostδ
2

by the union bound.
We now consider the case that all groups have at least one instance reporting a value0 or 1. This

case happens with probability at least1 − δ
2
. We take the result of the first non-failing instance of each

group. Then we haves independent{0, 1}-variables, each one having expected valueCG. Therefore we can
proceed exactly as in the two-pass case (Θ(log 1

δ
) times averaging 3

ǫ2·CG
results and taking the median of



these averaged results). As shown in the two-pass case this leads to a(1±ǫ)-approximation with probability
1 − δ. We can also apply the technique of Appendix A to obtain an algorithm whose description does not
depend onCG and which outputs a guarantee of the multiplicative error ofthe estimation.

Theorem 2. There is a 1-pass streaming algorithm which returns with probability1−δ a (1±ǫ)-approxi-
mation of the clustering coefficientCG of a graphG when the graph is given as an incidence stream. It
usesO(

log(1/δ)·log(|V|)

ǫ2CG
· log 1

ǫδCG
) memory cells. ⊓⊔

5 Counting K3,3

In this section we consider the problem to estimate the number of complete bipartite subgraphsK3,3 in
a directed graphG of bounded outdegree∆. We assume that the graph is given as a stream of incidence
lists ordered by destination nodes (as described in the Preliminaries). LetK3,3 denote the number ofK3,3
subgraphs andK3,1 denote the number ofK3,1 subgraphs. We first assume that we have a method to choose
aK3,1 uniformly at random.

K3,3COUNTING

Choose aK3,1 uniformly at random from allK3,1 in G.
Let the three edges of theK3,1 be [a, u〉, [b, u〉 and[c, u〉
Pass over the stream and stop when all 3 edges of theK3,1 are read
Selectx1 , x2 uniformly at random from{a, b, c}

Selectk1, k2 uniformly at random from{1, 2, . . . ∆}

if k1 = k2 ∧ x1 = x2 then outputβ = 0

Continue to pass over the stream.
Select thek1-th outgoing edge ofx1 (counting from the stop). Call this edge[x1 , v〉.
Select thek2-th outgoing edge ofx2 (counting from the stop). Call this edge[x2 , w〉.
Once[x1 , v〉 has been selected: check, if[a, v〉,[b, v〉,[c, v〉 are present in the remaining stream
Once[x2 , w〉 has been selected: check, if[a,w〉,[b, w〉,[c,w〉 are present in the remaining stream
if both is the casethen outputβ = 1 elseoutputβ = 0.

Lemma 1. AlgorithmK3,3COUNTING outputs a random valueβ having expected value

E[β] =
2 · K3,3

9 · ∆2 · K3,1

Proof. Let K = (A,B,C,U, V,W) be an arbitrary fixedK3,3 with edges directed fromA,B,C toU,V and
W. Let XK denote the indicator random variable for the event thatβ = 1 with witnessK. We would like
to determine the probability forXK = 1. W.l.o.g., letU be the vertex being first within the incidence list,
V , W occurring afterU within the stream. Also, w.l.o.g. let us assume that[A,V〉 is the first edge in the
stream among the edges from{A,B,C} toV and letX ∈ {A,B,C} be the node such that[X,W〉 is the first
edge among the edges from{A,B,C} toW in the stream. We haveXK = 1, if the following events occur:

– A,B,C,U are chosen asK3,1 withU being the destination node (otherwise we can not detect the edges
toU).

– edges[A,V〉 and[X,W〉 are selected by the algorithm (only then we have a chance to see the remaining
edges of theK3,3 in the remainder of the stream).

The probability of the first event is1/K3,1. Conditioned on the first event the probability to choose
{v,w} = {V,W} is 2/∆2: each edge[x1, .〉 appearing after[x1, U〉 in the stream has a probability of1/∆ to
be chosen by the algorithm. We know that[x1, V〉 and[x1,W〉 appear after[x1, U〉 in the stream. Therefore
each of these two edges has a probability of1/∆ to be chosen. By a similar argument we have independently
a probability of1/∆ to choose the edge[x2, V〉 resp.[x2,W〉. We select the nodesV andW if we either
select[x1, V〉 and[x2,W〉 or [x1,W〉 and[x2, V〉. Therefore the probability to choose{v,w} = {V,W} and
w is 2/∆2.

Assume now that we have chosenA,B,C,U as theK3,1 and the edges[x1, V〉 and[x2,W〉. This as-
sumption is satisfied with probability2/(∆2 ·K3,1), independent of the choice ofx1 andx2. The probability



for x1 = A andx2 = X is 1/9, sincex1 andx2 are chosen uniformly from{A,B,C}. Therefore the proba-
bility to detect theK3,3 and to setXK = 1 is 2/(9 · ∆2 · K3,1). Since we fixed theK3,3, the probability to
detect an arbitraryK3,3 this way is then 2·K3,3

9·∆2·K3,1
.

To complete the description of the algorithm, we show how we can choose aK3,1 uniformly from the
stream in the first step of our algorithm. This is done using a similar method as choosing the length-2-paths
in an algorithm to count the number of triangles in a graph[2]. We startO(logn) different instances of the
algorithm below in parallel. Each instance corresponds to aguess2j, 1 ≤ j ≤ 4 logn of the number of
K3,1 in the graph. We also count the numberK3,1 =

∑|V|

i=1 di · (di − 1) · (di − 2)/6. In the end we can
choose an instance whose guess is at most a factor2 away from the number ofK3,1. So from now on let us
assume we know the number ofK3,1 (up to a factor2). We will extend the method UNIFORMTWOPATH

from [2]. Let f(x) =
(
x
3

)
. The algorithm is as follows.

UNIFORMK3,1
Select valuek uniformly from the set{1, . . . , K3,1}.
For eachnodev in the incidence streamdo:

If k > 0 then
Seth ←

˚
f−1(k)

ˇ

Setk2 ← k − f(h − 1)

Seti←

‰q
2k2 + 1

4
+ 1
2

ı

Setj← i − i2−i
2

+ k2 − 1

Pass over the complete incidence list of nodev.
If incidence list ofv contains more thanj edgesthen

a ← thehth node in the incidence list ofv
b ← theith node in the incidence list ofv
c ← thejth node in the incidence list ofv
u ← v

end if
d ← degree of nodev
k ← k −

d·(d−1)·(d−2)

6

end if
end do
return edges(a, u),(b, u) and(c, u)

The idea of the algorithm above is to enumerate theK3,1’s that are incident to one nodev in a way that
all K3,1 whose edges belong to the firsti edges incident tov are enumerated before those using an edge
which appears later in the stream. We select thekth K3,1 with respect to that enumeration order. Given a
numberk we can compute a triple(h, i, j) telling us to select theh-th, i-th, andj-th edge incident to the
current vertex. If the current vertex has less thanj edges, we know that the nodev is incident to less than
k K3,1 subgraphs. We simply subtract the number ofK3,1 choices for this vertex fromk and start with our
newk and the next vertex.

Equivalent to the algorithms of Section 4 we can run the algorithmK3,3COUNTING in parallelΘ(log 1
δ
·

∆2

ǫ2·K3,3
) times. We devide the instances intoΘ(log 1

δ
) groups of size27·∆

2·K3,1

ǫ2·2·K3,3
, take the average result

of each group and return the median of these group values. Thereturned value is with probability1 − δ a
(1±ǫ)-approximation of the value2·K3,3

9·∆2·K3,1
. Since we can in parallel count the valueK3,1, a multiplication

of the median with9·∆
2·K3,1

2
will yield a (1 ± ǫ)-approximation of the number ofK3,3 with probability

1− δ. The technique of Appendix A to output an approximation guarantee can be applied as well.

Theorem 3. There is a 1-pass streaming algorithm which returns with probability1−δ a (1±ǫ)-approxi-
mation of the number ofK3,3 subgraphs of a graphG when the graph is given as an incidence stream

ordered by destination nodes with outdegree bounded by∆. It usesO
(

log(|V |) · log(1
δ
) · K3,1·∆

2

K3,3·ǫ2

)
memory

cells. ⊓⊔



6 Implementation of the Data Stream Algorithms

In this section we describe several optimization steps usedin the implementation of the algorithms to count
K3,3’s and to estimate the clustering coefficient.

First, we use some memory blocks in order to improve I/O efficiency. Instead of reading single edges
consecutively from the hard disk, a large amount of edges is read at once and stored in a main memory
block of fixed size. This also allows to distinguish between processing time and reading time.

Our algorithms consist ofs instances passing in parallel over the stream of edges. Instead of feeding
each edge to each of thes instances we use optimized hashing approaches. Each instance describes a set
of possible edges or nodes that it is interested in. These sets of interesting edges are then inserted into a
hashtable. After reading an edge our algorithm can then quickly identify the different instances which are
interested in that particular edge (resp. the end nodes of the edge).

We use simple hash functions to implement the hash table. Forhashtables storing edges (i.e. two indices
u andv) we use hash functionsh of the formh(u, v) = rnd1 · u + rnd2 · v mod 2s, wherernd1 and
rnd2 are two randomly generated numbers between one ands (sample set size). For hashtables storing
single nodes we use hash functionsh of the formh(u) = rnd1 · u mod 2s. The size of the hash tables is
2 · s. Our hashtables do not provide theoretical guarantees on the lookup time. We nevertheless chose them
because they provide very fast hashing time in all our experiments.

The implementations of the one pass algorithm to estimate the clustering coefficient and the two pass
algorithm to countK3,3’s are described in the next subsections.

6.1 One Pass Algorithm to Estimate the Clustering Coefficient

To simplify the implementation we store the incidence list of a single node in main memory. The memory
consumption for this operation is negligible, since all ourinput instances are sparse graphs.

The hashing function is implemented as described above. We chose this particular set of hash functions
because they are extremely fast and provide good approximations (see results).

6.2 Two Pass Algorithm to CountK3,3’s

We implemented a 2-pass algorithm to countK3,3’s. Our implementation assumes the following input
encoding of a directed input graph: The file containsn lists, one for each nodev. The first lines of the list
specify the indegree and outdegree ofv. The following lines provide a list of edges pointing tov.

The first pass serves the purpose of counting the number ofK3,1’s in the graph. This way we avoid
the evaluation of the algorithm for a logarithmic number of guesses. Our algorithm can easily be extended
to a one-pass algorithm using the guessing technique described in detail in Section 5, but the time would
increase considerable due to the need of one run of the algorithm for each guess of number ofK3,1’s. For
this reason, we decided to implement the two passes algorithm instead.

In the second pass we uniformly selects randomK3,1 subgraphs of the graph: We first sample a random
indexk between1 and the number ofK3,1’s and retrieve thek-thK3,1 from the stream using the algorithm
UNIFORMk3,1 (presented in Section 5).

After the selection of theK3,1’s we select uniformly at random two verticesx1, x2 froma, b, c and two
numbersk1, k2 in {1, 2, . . . , ∆}. It remains to detect the verticesw andv, and to check the existence of6
different edges per instance. This can both be done using thehashing technique described above to speed
up the detection of vertices and edges which are interestingfor one ofs parallel instances.

7 Computational Experiments

This section presents the computational experiments performed by running the 1-pass algorithm to estimate
the clustering coefficient of a graph and the 2-pass algorithm to count the number ofK3,3’s.

The codes were written in C/C++ and compiled with thegcc compiler version 3.2.2, using the-O3
optimization option. The experiments were performed on a 2.4 GHz Intel Pentium IV computer with 512
MB of RAM, running Linux. Due to space requirements, the experiments for the webgraph were performed



on a 2.8 GHz Intel Pentium IV computer with 1 GB of RAM, runningLinux. The implementations are
available by e-mail request.

CPU times were measured with the system functiongetrusage. The time for reading the graphs is
not included in the reported running times.

7.1 Datasets

The datasets are divided into three subsets. The first set contains a largewebgraph instance. It consists
of 135 million nodes and 1 billion edges and is obtained from agraph extracted in 2001 by the WebBase
project at Stanford [16]. We removed the frontier nodes, i.e, the nodes that have indegree equal to one and
outdegree equal to zero.

The second set of instances contains the input graphs of the experiments of [17]. The instances are:
– actor2004 andactor2004: Based on theInternet Movie Database. In these instances, two actors
(nodes) are connected if they ever stared together in a movie.
– authors: Based on theComputer Science Bibliographyat the University of Trier.
– google-2002: Based on the 2002 Google contest.
– itdk0304: The network of Internet routers (nodes) and their connections (edges) collected by theCo-
operative Association for Internet Data Analysis(CAIDA).

The third set of instances represents the link structure of Wikipedia, as of an old dump of June 13, 2004
[3]. Wikipedia is nowadays the largest online encyclopedia, available in more than 200 languages. In these
graphs, each article is a node and each hyperlink between nodes is a directed arc. A graph is extracted from
each language. The experiments were performed on the graphswikiEN, wikiDE, wikiFR, wikiES,
wikiIT andwikiPT, extracted from the English, German, French, Spanish, Italian and Portuguese lan-
guages.

Table 1 presents basic properties of these graphs. All of them are sparse. The dimensions vary from less
than ten thousand nodes to more than 135 million nodes, and from less than 100 thousand edges to over
one billion edges.

Table 1. Basic properties of the graphs. The columns correspond to the number of nodes (|V |), number of arcs (|E|),
minimum degree of a node (min), average degree of the nodes (avg), and maximum degree of a node (max).

graph dimensions degree
Graph |V| |E| min avg max

WebGraph 135,765,866 1,186,742,6571 15.91 7,885,507
actor2004 667,609 27,581,2751 82.63 4,605

google-2002 394,510 480,259 1 2.43 1,160
actor2002 382,219 15,038,0831 78.69 3,96
authors 307,971 831,557 1 5.40 248

itdk0304 192,244 609,066 1 6.34 1,071
wikiEN 327,914 4,811,393 1 29.35 47,123
wikiDE 114,809 1,907,891 1 33.24 5,962
wikiFR 41,745 577,781 1 27.68 7,651
wikiES 25,684 246,316 1 19.18 2,973
wikiIT 12,758 134,342 1 21.06 1,793
wikiPT 8,071 42,083 1 10.43 2,317

7.2 Clustering Coefficient Computation

Table 2 presents results for the one pass algorithm to estimate the clustering coefficient of a graph. For
directed graphs we replaced all directed edges by undirected edges and generated the complete adjacency



list for each node. We ran the algorithm on each graph with three different sample sizes (s = 300 and
s = 1500, ands = 3000). The table presents results for only one run of the algorithm for each instance
and sample size since repeating the experimentsx times withs = y corresponds to run the algorithm only
once with sample size equal tox ∗ y and reporting the averagẽcc results and summing up the times.

Unfortunatelly we could not compare our results with the results presented by [17], since they used a
slightly different definition of clustering coefficient, resulting in acc∗ different from our.

Table 2.Results for estimating the cluster coefficient in digraphs,considering sample set sizes of300, 1500, and3000
for all graphs. For each instance and sample size, the table presents results for the estimated clustering coefficientecc
and the corresponding running time measured in seconds (Time(s)). Moreover, we run an own implementation to
calculate the exact clustering coefficient (cc∗) on all graphs of feasible size.

Graph s=300 s=1500 s=3000
ecc Time(s) ecc Time(s) ecc Time(s) cc*

webgraph 0.31 11,380.18 - - - - -
actor2004 0.77 41.940.76 381.000.77 817.330.76

google-20020.03 1.560.05 9.050.05 25.320.05
actor2002 0.74 34.110.75 305.270.78 669.480.78
authors 0.58 2.940.52 21.920.58 47.440.60

itdk0304 0.11 1.730.15 13.600.15 37.940.16
wikiEN 0.21 16.320.21 16.320.26 276.170.27
wikiDE 0.21 16.540.20 101.590.22 234.820.24
wikiFR 0.29 7.800.28 77.310.28 163.880.29
wikiES 0.23 6.070.24 50.690.28 163.880.27
wikiIT 0.27 8.230.25 49.720.27 113.330.30
wikiPT 0.40 3.680.36 23.530.38 48.760.37

For most of the graphs, the data stream algorithm was able to find an estimated clustering coefficient
very close to the exact one represented by cc* in the table. Most of the time was spent in the operation of
searching nodes in an adjacency list (there are two such operations in the algorithm).

On the webgraph we were not able to compute the exact clustering coefficient. Having the good ap-
proximations of all other instances in mind, we expect the approximation guarantee to be around2%.

7.3 K3,3 computation

Table 3 presents results for the two pass algorithm to estimate the number ofK3,3’s of a directed graph.
As it is common in this kind of computation [12, 14], we removed nodes having an indegree of more than
50. In [12] the authors concluded that pages with indegree higher than 50 are presumably referenced for
a variety of reasons not having to do with any single emergingcommunity. On average 15% of the nodes
and 42% of the edges were removed.

Using a sample size of 1,000,000 almost all runs were able to findK3,3’s in the sample set. The num-
ber of samples that detect aK3,3 varies considerably among the instances. Considering a sample size of
1,000,000, hundreds and thousands ofK3,3’s were found in almost all instances. This indicates that there
are strongly related communities in the respective graphs.Exceptions are some instances from the third set
(somewiki graphs), andgoogle-2002. We observe that in all instances for which a non-zero number
of K3,3’s are found in all the runs, the values reported with sample size 100, 000 are very close to those
reported for sample size1, 000, 000. The variation among the results for a same instance and sample size
is directly related to the number ofK3,3’s found in each run. In some cases, only a fewK3,3’s were found,
and so the results are sensible a small variations in this number. Running times are very short in all runs,
even for a sample size of 1,000,000. The hashing tricks described in Section 6 seem to lead to a very small
dependency of the runtime on the sample sizes.



Table 3.Results for estimating the number ofK3,3 in a digraph, considering sample set sizes of 100,000 and 1,000,000.
For each run, the table presents the number ofK3,3 ’s estimated by the algorithm (gK3,3) and the corresponding running
time measured in seconds (Time(s)).

Graph s=100,000 s=1,000,000
gK3,3 Time(s) gK3,3 Time(s)

Webgraph 7,880,146,700,948,425 218.387,593,595,911,823,028 253.96
7,880,146,700,948,425 219.266,017,566,571,633,343 254.48
6,447,392,755,321,438 230.897,808,509,003,667,075 311.46

actor2004 5138977070 4.54 5253176561 8.75
4838452096 4.67 5481575542 9.99
5199082066 4.75 5346339303 9.20

google-2002 8859112 1.19 4724860 5.98
0 1.13 4134252 6.04

8859112 1.12 5315467 6.28
actor2002 138317076 1.39 188762127 8.74

154589673 1.32 174116790 7.47
162725972 1.35 180625828 7.18

authors 27783122 1.40 31638738 6.79
35154154 1.26 31978940 6.79
27783122 1.35 30334632 6.87

itdk0304 2550135420 1.30 2370936715 9.98
2653519288 1.33 2284783492 10.71
2067677368 1.58 2426074778 9.94

wikiEN 0 1.86 0 8.63
0 1.90 1663312320 8.59
0 1.83 831656160 8.68

wikiDE 0 1.34 408172513 8.21
1530646924 1.17 612258770 8.14

0 1.29 510215641 8.26
wikiFR 293980344 0.85 88194104 8.32

293980344 0.86 146990172 8.31
0 0.83 176388206 8.21

wikiES 163764410 0.75 223811360 7.50
327528819 0.65 234728987 7.52
191058478 0.71 259293648 7.45

wikiIT 62773047 0.68 43941133 7.38
41848698 0.69 43941133 7.39
20924349 0.67 35571394 7.47

wikiPT 1582891085 0.81 1559913634 9.02
1442473328 0.79 1529277032 8.92
1442473328 0.80 1589273710 9.02
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A Algorithms estimating their own accuracy

The description of the streaming algorithms given in the paper depends directly on the value they try to
estimate (the clustering coefficientCG resp. the number of bipartite cliquesK3,3). A return value of these
algorithms therefore does not give us a guarantee on the accuracy (Note that the return value is only an
approximation, but the approximation guarantees depend onthe real value).

We overcome this problem in the following way: LetX be the value we are trying to estimate (CG resp.
K3,3). We are given a streaming algorithm ALGORITHM, which outputs an indicator variableβ ∈ {0, 1}

havingE[β] = X. We construct a new algorithm ALGORITHMWITHGUARANTEE. It has a numbers and



a desired error probabilityψ as input parameters and outputs a pair(X̃, ǫ̃). It runs at mosts instances of
ALGORITHM in parallel and gives the guarantee thatX̃ is a (1 ± ǫ̃)-approximation ofX with probability
1−ψ. We show the pseudocode of ALGORITHMWITHGUARANTEE in Figure 1.

'

&

$

%

ALGORITHMWITHGUARANTEE ( s ∈ N, ψ ∈ (0, 1) )
Setr ← ⌈2 · log(3/ψ)⌉.
Sett ← ⌈s/(4 log(3/ψ))⌉.
Runr · t instancesIi,j of ALGORITHM in parallel, one for eachi ∈ {1, . . . , r} andj ∈ {1, . . . , t}

Let eXi,j be the value returned by instanceIi,j .
Set eXi ← 1

t
·
∑t

j=1
eXi,j

Set eX ← mediani(eXi).
Setǫ̃ ←

q
528

eX
· 1
s
· log 3

ψ
.

return (eX, ǫ̃).

Fig. 1. The streaming algorithm ALGORITHMWITHGUARANTEE

Lemma 2. Let (X̃, ǫ̃) be the output of algorithmALGORITHMWITHGUARANTEE and fix a value ofǫ ∈
R

+. With probability1−ψ the following statements are true:

– (1− ǫ̃) · X < X̃ < (1+ ǫ̃) · X

– If s ≥ 1056
ǫ2 · 1

X
· log(3/ψ), then the algorithm outputs(X̃, ǫ̃) havingǫ̃ ≤ ǫ.

Proof. ALGORITHMWITHGUARANTEE outputs(X̃, ǫ̃) with ǫ̃ =
√
528

eX
· 1
s
· log 3

ψ
. Therefore we have

X̃ = 528
ǫ̃2 · 1

s
· log 3

ψ
. Because of the choice oft it follows

X̃ ≥
132

ǫ̃2
·
1

t
. (1)

From Markov’s inequality it follows that

∀i∈{1,...,r}Pr
[
X̃i ≥ 11 · E[X̃i]

]
≤
1

11
.

Since for alli we haveE[X̃i] = X it follows:

∀i∈{1,...,r}Pr
[
X̃i ≥ 11 · X

]
≤
1

11
.

Because of̃X = mediani(X̃i) we can only havẽX ≥ 11 · X if for at leastr/2 values ofi we have
X̃i ≥ 11 · X. For each single value ofi the probability for that is smaller than1/11 as shown above. The
probability to have at leastr/2 values ofi fulfilling that equation is therefore bounded by:

Pr
[
X̃ ≥ 11 · X

]
≤

(
r

r/2

)
·

(
1

11

)r/2

≤

(
e · r

r/2

)r/2
·

(
1

11

)r/2
=

(
2e

11

)r/2
≤

(
1

2

)r/2
≤ ψ/3 .

From inequality (1) we conclude

Pr
[132
ǫ̃2

·
1

t
≥ 11 · X

]
≤ ψ/3



and finally

Pr
[
X ≤

11

ǫ̃2
·
1

t

]
≤ ψ/3 .

In the following we therefore condition on the event thatX > 11
ǫ̃2 · 1

t
(which happens with probability

at least1−ψ/3). SinceE[X̃i,j] = X andX̃i,j ∈ {0, 1}, we have

Var
[
X̃i,j

]
≤ E

[
X̃2i,j

]
= E

[
X̃i,j

]
= X

and by the independence of theX̃i,j:

Var
[
X̃i

]
= Var

[1
t
·
t∑

j=1

X̃i,j

]
=
1

t2
·
t∑

j=1

Var
[
X̃i,j

]
=
X

t
. (2)

By Chebyshev inequality:

Pr
[
|X̃i − X| ≥ ǫ̃X

]
≤

Var
[
X̃i

]

(ǫ̃ · E
[
X̃i

]
)2

=
X

t · ǫ̃ · X2
=

1

t · ǫ̃ · X
≤
1

11

since we conditioned on the event thatX > 11
ǫ̃2 · 1

t
. Therefore each fixed̃Xi is a value in(1 ± ǫ̃) · X with

probability at least1− 1
11

.

SinceX̃ is set to the median of all̃Xi, we can only havẽX /∈ (1± ǫ̃) · X if for at leastr/2 of theX̃i we
haveX̃i /∈ (1± ǫ̃) · X. The probability for that is bounded by:

Pr
[
X̃ /∈ (1± ǫ̃) · X

]
≤

(
r

r/2

)
·

(
1

11

)r/2

≤

(
e · r

r/2

)r/2
·

(
1

11

)r/2
=

(
2e

11

)r/2
≤

(
1

2

)r/2
≤ ψ/3 .

The first statement of the lemma follows directly with probability 1− 2 · ψ
3

.

We now show the second statement. We condition on the event that X̃ ≤ (1 + ǫ̃)X, which happens with
probability1− 2 · ψ/3 by the proofs above.

We assume the condition of the second statement thats ≥ 1056
ǫ2 · 1

X
· log 3

ψ
. It follows directlyt ≥ 44

X
.

Therefore we get by Equation (2) and Chebyshev’s inequality:

Pr
[
|X̃i − X| ≥

1

2
· X

]
≤

Var
[
X̃i

]

1
4
· E

[
X̃i

]2 =
4X

t · X2
=

4

t · X
≤
1

11
.

By the median argument above we get

Pr
[
X̃ ≤

X

2

]
≤ Pr

[
|X̃− X| ≥

1

2
· X

]
≤
ψ

3
.

Together withs ≥ 1056
ǫ2 · 1

X
· log 3

ψ
we obtain with probability1−ψ:

X̃ ≥
X

2
≥
528

ǫ2
·
1

s
· log

3

ψ
.

It follows directly:

ǫ ≥

√
528

X̃
·
1

s
· log

3

ψ
= ǫ̃ .

Notice thatr·t ≤ s for s ≥ 8 log(3/ψ). Therefore we have at mosts instances of ALGORITHM running
in parallel. The time and space ALGORITHMWITHGUARANTEE(s) needs to process an edge in the stream
is therefore at mosts times the time and space of ALGORITHM.


