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Prime Numbers

Prime number: Integer p > 1 such that

only divisible by 1

p = a * b

2, 3, 5, 7, 11, 13, 17, 19, 23, 27, ...

Fundamental Theorem of Arithmetic

Every integer can be expressed in only one 

way as the product of primes

105 = 3 x 5 x 7   32 = 2 x 2 x 2 x 2 x 2

Finding Primes

Only even prime is 2

test only odd numbers up to 

148 7. Number Theory

to n is called the prime factorization of n. Order doesn’t matter in a prime factorization,
so we can canonically list the numbers in sorted order. But multiplicity does; it is what
distinguishes the prime factorization of 4 from 8.

We say a prime number p is a factor of x if it appears in its prime factorization. Any
number which is not prime is said to be composite.

7.1.1 Finding Primes
The easiest way to test if a given number x is prime uses repeated division. Start from
the smallest candidate divisor, and then try all possible divisors up from there. Since
2 is the only even prime, once we verify that x isn’t even we only need try the odd
numbers as candidate factors. Further, we can bless n as prime the instant we have
shown that it has no non-trivial prime factors below

√
n. Why? Suppose not – i.e., x

is composite but has a smallest non-trivial prime factor p which is greater than
√

n.
Then x/p must also divide x, and must be larger than p, or else we would have seen
it earlier. But the product of two numbers greater than

√
n must be larger than n, a

contradiction.
Computing the prime factorization involves not only finding the first prime factor,

but stripping off all occurrences of this factor and recurring on the remaining product:

prime_factorization(long x)
{

long i; /* counter */
long c; /* remaining product to factor */

c = x;
while ((c % 2) == 0) {

printf("%ld\n",2);
c = c / 2;

}

i = 3;
while (i <= (sqrt(c)+1)) {

if ((c % i) == 0) {
printf("%ld\n",i);
c = c / i;

}
else

i = i + 2;
}

if (c > 1) printf("%ld\n",c);
}

Testing the terminating condition i >
√

c is somewhat problematic, because sqrt()
is a numerical function with imperfect precision. Just to be safe, we let i run an extra
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Finding Prime Factors
prime_factorization(long x) {

! long i;!! ! /* counter */

! long c;!! ! /* remaining product to factor */

c = x;

while ((c % 2) == 0) {

! ! printf("%ld\n",2);

! ! c = c / 2;

}

! i = 3;

! while (i <= (sqrt(c)+1)) {

! ! if ((c % i) == 0) {

! ! ! printf("%ld\n",i);

  c = c / i;

! ! }

! ! else

! ! ! i = i + 2;

        }

! if (c > 1) printf("%ld\n",c);

}



Counting Primes

How many primes are there ? 

Counting Primes

How many primes are there ? 

Suppose finite number of primes

Let                               be a composite number 

Which prime divide it ?

     leaves a reminder of 1 for all primes

Therefore,     is also prime
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iteration. Another approach would be to avoid floating point computation altogether
and terminate when i*i > c. However, the multiplication might cause overflow when
working on very large integers. Multiplication can be avoided by observing that (i+1)2 =
i2 + 2i + 1, so adding i + i + 1 to i2 yields (i + 1)2.

For higher performance, we could move the sqrt(c) computation outside the main
loop and only update it when c changes value. However, this program responds instantly
on my computer for the prime 2,147,483,647. There exist fascinating randomized algo-
rithms which are more efficient for testing primality on very large integers, but these are
not something for us to worry about at this scale – except as the source of interesting
contest problems themselves.

7.1.2 Counting Primes
How many primes are there? It makes sense that primes become rarer and rarer as we
consider larger and larger numbers, but do they ever vanish? The answer is no, as shown
by Euclid’s proof that there are an infinite number of primes. It uses an elegant proof by
contradiction. Knowing this proof is not strictly necessary to compete in programming
contests, but it is one sign of being an educated person. Thus there is no shame in
reviewing it here.

Let us assume the converse, that there are only a finite number of primes,
p1, p2, . . . , pn. Let m = 1 +

∏n
i=1 pi, i.e., the product of all of these primes, plus one.

Since this is bigger than any of the primes on our list, m must be composite. Therefore
some prime must divide it.

But which prime? We know that m is not divisible by p1, because it leaves a remainder
of 1. Further, m is not divisible by p2, because it also leaves a remainder of 1. In fact, m
leaves a remainder of 1 when divided by any prime pi, for 1 ≤ i ≤ n. Thus p1, p2, . . . , pn

cannot be the complete list of primes, because if so m must also be prime.
Since this contradicts the assumption it means there cannot exist such a complete

list of primes; therefore the number of primes must be infinite! QED! 1

Not only are there an infinite number of primes, but in fact the primes are relatively
common. There are roughly x/ lnx primes less than or equal to x, or put another way,
roughly one out of every lnx numbers is prime.

7.2 Divisibility

Number theory is the study of integer divisibility. We say b divides a (denoted b|a) if
a = bk for some integer k. Equivalently, we say that b is a divisor of a or a is a multiple
of b if b|a.

1Now a little puzzle to test your understanding of the proof. Suppose we take the first n primes,
multiply them together, and add one. Does this number have to be prime? Give a proof or a
counterexample.
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CONTRADICTION

The Number of Prime Numbers is Infinite
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Divisibility

Integer divisibility

How to find all divisors of a given integer ?

find prime factorization

form all subsets of prime factors:

12: 2 * 2 * 3         (1,2,3,4,6,12)
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As a consequence of this definition, the smallest natural divisor of every non-zero
integer is 1. Why? It should be clear that there is in general no integer k such that
a = 0 · k.

How do we find all divisors of a given integer? From the prime number theorem, we
know that x is uniquely represented by the product of its prime factors. Every divisor
is the product of some subset of these prime factors. Such subsets can be constructed
using backtracking techniques as discussed in Chapter 8, but we must be careful about
duplicate prime factors. For example, the prime factorization of 12 has three terms (2,
2, and 3) but 12 has only 6 divisors (1, 2, 3, 4, 6, 12).

7.2.1 Greatest Common Divisor
Since 1 divides every integer, the least common divisor of every pair of integers a, b is
1. Far more interesting is the greatest common divisor, or gcd, the largest divisor shared
by a given pair of integers. Consider a fraction x/y, say, 24/36. The reduced form of
this fraction comes after we divide both the numerator and denominator by gcd(x, y),
in this case 12. We say two integers are relatively prime if their greatest common divisor
is 1.

Euclid’s algorithm for finding the greatest common divisor of two integers has been
called history’s first interesting algorithm. The naive way to compute gcd would be to
test all divisors of the first integer explicitly on the second, or perhaps to find the prime
factorization of both integers and take the product of all factors in common. But both
approaches involve computationally intensive operations.

Euclid’s algorithm rests on two observations. First,

If b|a, then gcd(a, b) = b.

This should be pretty clear. If b divides a, then a = bk for some integer k, and thus
gcd(bk, b) = b. Second,

If a = bt + r for integers t and r, then gcd(a, b) = gcd(b, r).

Why? By definition, gcd(a, b) = gcd(bt+r, b). Any common divisor of a and b must rest
totally with r, because bt clearly must be divisible by any divisor of b.

Euclid’s algorithm is recursive, repeated replacing the bigger integer by its remainder
mod the smaller integer. This typically cuts one of the arguments down by about half,
and so after a logarithmic number of iterations gets down to the base case. Consider
the following example. Let a = 34398 and b = 2132.

gcd(34398, 2132) = gcd(34398 mod 2132, 2132) = gcd(2132, 286)
gcd(2132, 286) = gcd(2132 mod 286, 286) = gcd(286, 130)
gcd(286, 130) = gcd(286 mod 130, 130) = gcd(130, 26)
gcd(130, 26) = gcd(130 mod 26, 26) = gcd(26, 0)

Therefore, gcd(34398, 2132) = 26.
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However, Euclid’s algorithm can give us more than just the gcd(a, b). It can also find
integers x and y such that

a · x + b · y = gcd(a, b)

which will prove quite useful in solving linear congruences. We know that gcd(a, b) =
gcd(b, a′), where a′ = a − b"a/b#. Further, assume we know integers x′ and y′ such that

b · x′ + a′ · y′ = gcd(a, b)

by recursion. Substituting our formula for a′ into the above expression gives us

b · x′ + (a − b"a/b#) · y′ = gcd(a, b)

and rearranging the terms will give us our desired x and y. We need a basis case to
complete our algorithm, but that is easy since a · 1 + 0 · 0 = gcd(a, 0).

For the previous example, we get that 34398 × 15 + 2132 × −242 = 26. An
implementation of this algorithm follows below:

/* Find the gcd(p,q) and x,y such that p*x + q*y = gcd(p,q) */

long gcd(long p, long q, long *x, long *y)
{

long x1,y1; /* previous coefficients */
long g; /* value of gcd(p,q) */

if (q > p) return(gcd(q,p,y,x));

if (q == 0) {
*x = 1;
*y = 0;
return(p);

}

g = gcd(q, p%q, &x1, &y1);

*x = y1;
*y = (x1 - floor(p/q)*y1);

return(g);
}

7.2.2 Least Common Multiple
Another useful function on two integers is the least common multiple (lcm), the smallest
integer which is divided by both of a given pair of integers. For example, the least
common multiple of 24 and 36 is 72.

Least common multiple arises when we want to compute the simultaneous periodicity
of two distinct periodic events. When is the next year (after 2000) that the presidential
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election (which happens every 4 years) will coincide with census (which happens every
10 years)? The events coincide every twenty years, because lcm(4, 10) = 20.

It is self-evident that lcm(x, y) ≥ max(x, y). Similarly, since x ·y is a multiple of both
x and y, lcm(x, y) ≤ xy. The only way that there can be a smaller common multiple is
if there is some non-trivial factor shared between x and y.

This observation, coupled with Euclid’s algorithm, gives an efficient way to compute
least common multiple, namely, lcm(x, y) = xy/gcd(x, y). A slicker algorithm appears
in [Dij76], which avoids the multiplication and hence possibility of overflow.

7.3 Modular Arithmetic

In Chapter 5, we reviewed the basic arithmetic algorithms for integers, such as addition
and multiplication. We are not always interested in the full answers, however. Sometimes
the remainder suffices for our purposes. For example, suppose your birthday this year
falls on a Wednesday. What day of the week will it it will fall on next year? All you
need to know is the remainder of the number of days between now and then (either 365
or 366) when dividing by the 7 days of the week. Thus it will fall on Wednesday plus
one (365 mod 7) or two (366 mod 7) days, i.e., Thursday or Friday depending upon
whether it is affected by a leap year.

The key to such efficient computations is modular arithmetic. Of course, we can in
principle explicitly compute the entire number and then find the remainder. But for
large enough integers, it can be much easier to just work with remainders via modular
arithmetic.

The number we are dividing by is called the modulus, and the remainder left over
is called the residue. The key to efficient modular arithmetic is understanding how the
basic operations of addition, subtraction, and multiplication work over a given modulus:

• Addition — What is (x + y) mod n? We can simplify this to

((x mod n) + (y mod n)) mod n

to avoid adding big numbers. How much small change will I have if given $123.45
by my mother and $94.67 by my father?

(12, 345 mod 100) + (9, 467 mod 100) = (45 + 67) mod 100 = 12 mod 100

• Subtraction — Subtraction is just addition with negative values. How much small
change will I have after spending $52.53?

(12 mod 100) − (53 mod 100) = −41 mod 100 = 59 mod 100

Notice how we can convert a negative number mod n to a positive number by
adding a multiple of n to it. Further, this answer makes sense in this change
example. It is usually best to keep the residue between 0 and n − 1 to ensure we
are working with the smallest-magnitude numbers possible.
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• Multiplication — Since multiplication is just repeated addition,

xy mod n = (x mod n)(y mod n) mod n

How much change will you have if you earn $17.28 per hour for 2,143 hours?

(1, 728 × 2, 143) mod 100 = (28 mod 100) × (43 mod 100) = 4 mod 100

Further, since exponentiation is just repeated multiplication,

xy mod n = (x mod n)y mod n

Since exponentiation is the quickest way to produce really large integers, this is
where modular arithmetic really proves its worth.

• Division — Division proves considerably more complicated to deal with, and will
be discussed in Section 7.4.

Modular arithmetic has many interesting applications, including:

• Finding the Last Digit — What is the last digit of 2100? Sure we can use in-
finite precision arithmetic and look at the last digit, but why? We can do this
computation by hand. What we really want to know is what 2100 mod 10 is. By
doing repeated squaring, and taking the remainder mod 10 at each step we make
progress very quickly:

23 mod 10 = 8
26 mod 10 = 8 × 8 mod 10 → 4

212 mod 10 = 4 × 4 mod 10 → 6
224 mod 10 = 6 × 6 mod 10 → 6
248 mod 10 = 6 × 6 mod 10 → 6
296 mod 10 = 6 × 6 mod 10 → 6

2100 mod 10 = 296 × 23 × 21 mod 10 → 6

• RSA Encryption Algorithm — A classic application of modular arithmetic on
large integers arises in public-key cryptography, namely, the RSA algorithm. Here,
our message is encrypted by coding it as an integer m, raising it to a power k,
where k is the so-called public-key or encryption key, and taking the results mod
n. Since m, n, and k are all huge integers, computing mk mod n efficiently requires
the tools we developed above.

• Calendrical Calculations — As demonstrated with the birthday example, com-
puting the day of the week a certain number of days from today, or the time a
certain number of seconds from now, are both applications of modular arithmetic.
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7.4 Congruences

Congruences are an alternate notation for representing modular arithmetic. We say that
a ≡ b(mod m) if m|(a − b). By definition, if a mod m is b, then a ≡ b(mod m).

Congruences are an alternate notation for modular arithmetic, not an inherently
different idea. Yet the notation is important. It gets us thinking about the set of integers
with a given remainder n, and gives us equations for representing them. Suppose that
x is a variable. What integers x satisfy the congruence x ≡ 3(mod 9)?

For such a simple congruence, the answer is easy. Clearly x = 3 must be a solution.
Further, adding or deleting the modulus (9 in this instance) gives another solution. The
set of solutions is all integers of the form 9y + 3, where y is any integer.

What about complicated congruences, such as 2x ≡ 3(mod 9) and 2x ≡ 3(mod 4)?
Trial and error should convince you that exactly the integers of the form 9y + 6 satisfy
the first example, while the second has no solutions at all.

There are two important problems on congruences, namely, performing arithmetic
operations on them, and solving them. These are discussed in the sections below.

7.4.1 Operations on Congruences
Congruences support addition, subtraction, and multiplication, as well as a limited form
of division – provided they share the same modulus:

• Addition and Subtraction — Suppose a ≡ b(mod n) and c ≡ d(mod n). Then
a + c ≡ b + d(mod n). For example, suppose I know that 4x ≡ 7(mod 9) and
3x ≡ 3(mod 9). Then

4x − 3x ≡ 7 − 3(mod 9) → x ≡ 4(mod 9)

• Multiplication — It is apparent that a ≡ b(mod n) implies that a·d ≡ b·d(mod n)
by adding the reduced congruence to itself d times. In fact, general multiplication
also holds, i.e., a ≡ b(mod n) and c ≡ d(mod n) implies ac ≡ bd(mod n).

• Division — However, we cannot cavalierly cancel common factors from congru-
ences. Note that 6 · 2 ≡ 6 · 1(mod 3), but clearly 2 $≡ 1(mod 3). To see what the
problem is, note that we can redefine division as multiplication by an inverse, so
a/b is equivalent to ab−1. Thus we can compute a/b(mod n) if we can find the
inverse b−1 such that bb−1 ≡ 1(mod n). This inverse does not always exist – try
to find a solution to 2x ≡ 1(mod 4).

We can simplify a congruence ad ≡ bd(mod dn) to a ≡ b(mod n), so we
can divide all three terms by a mutually common factor if one exists. Thus 170 ≡
30(mod 140) implies that 17 ≡ 3(mod 14). However, the congruence a ≡ b(mod n)
must be false (i.e., has no solution) if gcd(a, n) does not divide b.
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We can simplify a congruence ad ≡ bd(mod dn) to a ≡ b(mod n), so we
can divide all three terms by a mutually common factor if one exists. Thus 170 ≡
30(mod 140) implies that 17 ≡ 3(mod 14). However, the congruence a ≡ b(mod n)
must be false (i.e., has no solution) if gcd(a, n) does not divide b.
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7.4 Congruences
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7.4.2 Solving Linear Congruences
A linear congruence is an equation of the form ax ≡ b(mod n). Solving this equation
means identifying which values of x satisfy it.

Not all such equations have solutions. We have seen integers which do not have
multiplicative inverses over a given modulus, meaning that ax ≡ 1(mod n) has no
solution. In fact, ax ≡ 1(mod n) has a solution if and only if the modulus and the
multiplier are relatively prime, i.e., gcd(a, n) = 1. We may use Euclid’s algorithm to
find this inverse through the solution to a · x′ + n · y′ = gcd(a, n) = 1. Thus

ax ≡ 1(mod n) → ax ≡ a · x′ + n · y′(mod n)

Clearly n·y′ ≡ 0(mod n), so in fact this inverse is simply the x′ from Euclid’s algorithm.
In general, there are three cases, depending on the relationship between a, b, and n:

• gcd(a, b, n) > 1 — Then we can divide all three terms by this divisor to get
an equivalent congruence. This gives us a single solution mod the new base, or
equivalently gcd(a, b, n) solutions (mod n).

• gcd(a, n) does not divide b — Then, as described above, the congruence can have
no solution.

• gcd(a, n) = 1 — Then there is one solution (mod n). Further, x = a−1b works,
since aa−1b ≡ b(mod n). As shown above, this inverse exists and can be found
using Euclid’s algorithm.

The Chinese remainder theorem gives us a tool for working with systems of con-
gruences over different moduli. Suppose there is exists an integer x such that x ≡
a1(mod m1) and x ≡ a2(mod m2). Then x is uniquely determined (mod m1m2) if m1
and m2 are relatively prime.

To find this x, and thus solve the system of two congruences, we begin by solving
the linear congruences m2b1 ≡ 1(mod m1) and m1b1 ≡ 1(mod m2) to find b1 and b2
respectively. Then it can be readily verified that

x = a1b1m2 + a2b2m1

is a solution to both of the original congruences. Further, the theorem readily extends to
systems of an arbitrary number of congruences whose moduli are all pairwise relatively
prime.

7.4.3 Diophantine Equations
Diophantine equations are formulae in which the variables are restricted to integers.
For example, Fermat’s last theorem concerned answers to the equation an + bn = cn.
Solving such an equation for real numbers is no big deal. It is only if all variables are
restricted to integers that the problem becomes difficult.

Diophantine equations are difficult to work with because division is not a routine oper-
ation with integer formulae. However, there are certain classes of Diophantine equations
which are known to be solvable and these tend to arise frequently.
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The most important class are linear Diophantine equations of the form ax − ny = b,
where x and y are the integer variables and a, b, and n are integer constants. These are
readily shown to be equivalent to the solving the congruence ax ≡ b(mod n) and hence
can be solved using the techniques of the previous section.

More advanced Diophantine analysis is beyond the scope of this book, but we refer
the reader to standard references in number theory such as Niven and Zuckerman
[ZMNN91] and Hardy and Wright [HW79] for more on this fascinating subject.

7.5 Number Theoretic Libraries

The Java BigInteger class (java.math.BigInteger) includes a variety of useful
number-theoretic functions. Most important, of course, is the basic support for arith-
metic operations on arbitrary-precision integers as discussed in Chapter 5. But there
are also several functions of purely number-theoretic interest:

• Greatest Common Divisor — BigInteger gcd(BigInteger val) returns the
BigInteger whose value is the gcd of abs(this) and abs(val).

• Modular Exponentiation — BigInteger modPow(BigInteger exp, BigInteger
m) returns a BigInteger whose value is thisexp mod m.

• Modular Inverse — BigInteger modInverse(BigInteger m) returns a BigInte-
ger whose value is this−1( mod m), i.e. solves the congruence y ·this ≡ 1( mod m)
by returning an appropriate integer y if it exists.

• Primality Testing — public boolean isProbablePrime(int certainty) uses
a randomized primality test to return true if this BigInteger is probably prime
and false if it’s definitely composite. If the call returns true, the probability of
primality is ≥ 1 − 1/2certainty.
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Light, More Light
#include <iostream>

#include <cmath>

using namespace std;

int main() {

unsigned int n;

  double raiz;

  cin >> n;

  while (n != 0) {    

        raiz = sqrt(n);

        if (floor(raiz) == ceil(raiz)) 

            cout << "yes" << endl;

        else

            cout << "no" << endl;        

        cin.ignore();

        cin >> n;

  }    

  return 0;

}


