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PRIME NUMBERS

8@ PRIME NUMBER: INTEGER P > 1 SUCH THAT
@ ONLY DIVISIBLE BY 1
8@ P=A*B
RN 5, 7, 11,138, 17, 19, 23,27, ...

@ FUNDAMENTAL THEOREM OF ARITHMETIC

® EVERY INTEGER CAN BE EXPRESSED IN ONLY ONE
WAY AS THE PRODUCT OF PRIMES

B 105=3X5X7 32=2X2X2X2X2

FINDING PRIMES

@ ONLY EVEN PRIME IS 2

@ TEST ONLY ODD NUMBERS UP TO \/ﬁ



FINDING PRIMES

@ ONLY EVEN PRIME IS 2
@ TEST ONLY ODD NUMBERS UP TO \/ﬁ

#@ PROOF (BY CONTRADICTION):

@ SUPPOSE 71 IS COMPOSITE WITH A FACTOR p LARGER

THAN /1

& n/p MUST DIVIDE /1, AND ALSO BE > \/ﬁ

® BUTTHENp *n/p>n CONTRADICTION

FINDING PRIME FACTORS

prime_factorization(long x) {

long 1i; /GOl CE it
long c; /* remaining product to factor */
€ = %3

while ((c % 2) == @) {
printf("%Lld\n",2);
€ =€ / 25

I

i = 3
while (i <= (sqrt(c)+1)) {
if ((c % 1) == 0) {
printf("%Lld\n",1i);
CUEHGTANLE
I
else
1 =94 ¢ 28

i

if (c > 1) printf("%ld\n",c);



COUNTING PRIMES

®@ How MANY PRIMES ARE THERE ?

COUNTING PRIMES

®@ How MANY PRIMES ARE THERE ?

@ SUPPOSE FINITE NUMBER OF PRIMES P1,P2,---,Pn

mn
BLET m=1+ Hq::l p;, BE A COMPOSITE NUMBER
® WHICH PRIME DIVIDE IT ?
® 770 LEAVES A REMINDER OF 1 FOR ALL PRIMES

@ THEREFORE, 717 IS ALSO PRIME CONTRADICTION

THE NUMBER OF PRIME NUMBERS IS INFINITE
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N ISIBILITY

® INTEGER DIVISIBILITY
_b dz'm'dejs a a= bk for some integer k

® How TO FIND ALL DIVISORS OF A GIVEN INTEGER ?
® FIND PRIME FACTORIZATION
® FORM ALL SUBSETS OF PRIME FACTORS:

Mi12: 2 *2.*3 (1,2,3,4,6,12)



GREATEST COMMON
DIVISOR (GCD oOorR MDCQC)

®@ LARGEST DIVISOR SHARED BY A PAIR OF INTEGERS
® GCD(X,Y) = 1, X AND Y ARE RELATIVELY PRIME
@ EUuCLID’S ALGORITHM:
® IF B DIVIDES A, A = BK, THEREFORE:
® GCD(BK,B) = B OR GCD(A,B) = B
® IF A=BT+ R FOR INTEGERS T AND R

® GCD(A, B) = GCD(B, R)

GREATEST COMMON
DIVISOR (GCD OR MDCQC)

® LARGEST DIVISOR SHARED BY A PAIR OF INTEGERS
® GCD(X,Y) = 1, X AND Y ARE RELATIVELY PRIME
® EUCLID’S ALGORITHM:
® IF B DIVIDES A, A = BK, THEREFORE:
B GCD(BK,B) = B OR GCD(A,B) = B
® IF A =BT + R FOR INTEGERS T AND R
® GCD(A, B) =GCD(B, R)
® PROOF: GCD(A, B) = GCD(BT+R, B)

@ BUT BT Is DIVISIBLE BY ANY DIVISOR OF B



GREATEST COMMON
DIVISOR (GCD oOorR MDCQC)

Let a = 34398 and b = 2132.

gcd (34398, 2132
gcd(2132, 286
gcd(286, 130
gcd(130, 26

—  ged(34398 mod 2132, 2132) = ged(2132, 286)
ged(2132 mod 286, 286) = ged(286, 130)

gcd (286 mod 130, 130) = ged(130, 26)

= gcd(130 mod 26, 26) = ged(26,0)

NI s g e\l A

Therefore, gcd(34398,2132) = 26.

GREATEST COMMON
DIVISOR (GCD OR MDCQC)

a-z+b-y=gcd(a,b)

which will prove quite useful in solving linear congruences. We know that ged(a,b) =
gcd(b,a’), where ' = a —bla/b|. Further, assume we know integers 2’ and 3’ such that

b-z' +ad -y = gcd(a,b)
by recursion. Substituting our formula for a’ into the above expression gives us

b-x' + (a—bla/b]) -y = ged(a,b)

A0S DE A e e s S AR DG



GREATEST COMMON
DIVISOR (GCD oOorR MDCQC)

long gcdl(long p, long q) {

if (q > p) return(gcdl(q,p));
1f (g == 0) return(p);
return( gcd1l(qg, p % q) );

I

GREATEST COMMON
DIVISOR (GCD OR MDCQC)

long gcd(long p, long g, long *x, long *y) {
long x1,yl; /* previous coefficients */
long g; /* value of gcd(p,q) */

if (g > p) return(gcd(q,p,y,x));

if (q==10) {
g = dlg
A=
return(p);
1

g = gcd(q, p%q, &1, &yl);

*x = yl;
*y = (x1 - floor(p/q)*yl);

return(g);
}



LEAST COMMON MULTIPLE
(LCM) - MMC

WHEN IS THE NEXT YEAR (AFTER 2000) THAT THE
PRESIDENCIAL ELECTION (WHICH HAPPENS EVERY 4
YEARS) WILL COINCIDE WITH CENSUS (WHICH
HAPPENS EVERY 10 YEARS) ? LCM(4,10)=20

LEAST COMMON MULTIPLE
(LCM OR MMOQC)

lem(z, y) > max(z,y)
lem(z,y) < zy

lemite it daed ()
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ADDITION

e Addition — What is (z + y) mod n? We can simplify this to
((x mod n) + (y mod n)) mod n

to avoid adding big numbers. How much small change will I have if given $123.45
by my mother and $94.67 by my father?

(12,345 mod 100) + (9,467 mod 100) = (45 + 67) mod 100 = 12 mod 100



SUBTRACTION

e Subtraction — Subtraction is just addition with negative values. How much small
change will T have after spending $52.537

(12 mod 100) — (53 mod 100) = —41 mod 100 = 59 mod 100

Notice how we can convert a negative number mod n to a positive number by
adding a multiple of n to it. Further, this answer makes sense in this change
example. It is usually best to keep the residue between 0 and n — 1 to ensure we
are working with the smallest-magnitude numbers possible.

MULTIPLICATION

e Multiplication — Since multiplication is just repeated addition,
xy mod n = (z mod n)(y mod n) mod n
How much change will you have if you earn $17.28 per hour for 2,143 hours?
(1,728 x 2,143) mod 100 = (28 mod 100) x (43 mod 100) = 4 mod 100
Further, since exponentiation is just repeated multiplication,
¥ mod n = (x mod n)Y mod n

Since exponentiation is the quickest way to produce really large integers, this is
where modular arithmetic really proves its worth.



FINDING THE LAST DIGIT

e Finding the Last Digit — What is the last digit of 21997 Sure we can use in-
finite precision arithmetic and look at the last digit, but why? We can do this
computation by hand. What we really want to know is what 2199 mod 10 is. By
doing repeated squaring, and taking the remainder mod 10 at each step we make
progress very quickly:

22mod10 = 8

2°mod 10 = 8x8mod 10 — 4

2t o 10 R A ORI ot

222 mod 10 = 6 x 6 mod 10 — 6

28 mod 0N RGP A GimodMIDEE 5

2% mod 10 = 6 x 6 mod 10 — 6

D O R O EE =0 IS S S S Lo d HI0 =G
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CONGRUENCES

Congruences are an alternate notation for representing modular arithmetic. We say that
a = b(mod m) if m|(a — b). By definition, if @ mod m is b, then a = b(mod m).

e Addition and Subtraction — Suppose a = b(mod n) and ¢ = d(mod n). Then
a+ ¢ = b+ d(mod n). For example, suppose I know that 4z = 7(mod 9) and
3z = 3(mod 9). Then

4z — 3z = 7 — 3(mod 9) = z = 4(mod 9)

e Multiplication — It is apparent that a = b(mod n) implies that a-d = b-d(mod n)
by adding the reduced congruence to itself d times. In fact, general multiplication
also holds, i.e., a = b(mod n) and ¢ = d(mod n) implies ac = bd(mod n).

CONGRUENCES

e Division — However, we cannot cavalierly cancel common factors from congru-
ences. Note that 6 -2 = 6 - 1(mod 3), but clearly 2 #Z 1(mod 3). To see what the
problem is, note that we can redefine division as multiplication by an inverse, so
a/b is equivalent to ab—!. Thus we can compute a/b(mod n) if we can find the
inverse b~! such that bb=! = 1(mod n). This inverse does not always exist — try
to find a solution to 2z = 1(mod 4).

We can simplify a congruence ad = bd(mod dn) to a = b(mod n), so we
can divide all three terms by a mutually common factor if one exists. Thus 170 =
30(mod 140) implies that 17 = 3(mod 14). However, the congruence a = b(mod n)
must be false (i.e., has no solution) if ged(a,n) does not divide b.



SOLVING LINEAR
CONGRUENCES

® CONGRUENCES

ar = b(mod n)

® EXAMPLE: g =— 1(m0d n) HAS SOLUTION IF

ged(a s —l

ar =1(mod n) > ax=a- -z +n -y (mod n)

Clearly n-y" = 0(mod n), so in fact this inverse is simply the " from Euclid’s algorithm.

CONGRUENCES

e gcd(a,b,n) > 1 — Then we can divide all three terms by this divisor to get
an equivalent congruence. This gives us a single solution mod the new base, or
equivalently ged(a, b, n) solutions (mod n).

e gcd(a,n) does not divide b— Then, as described above, the congruence can have
no solution.

e gcd(a,n) = 1 — Then there is one solution (mod n). Further, x = a~b works,
since aa~'b = b(mod n). As shown above, this inverse exists and can be found
using Fuclid’s algorithm.



CONGRUENCES

The Chinese remainder theorem gives us a tool for working with systems of con-

gruences over different moduli. Suppose there is exists an integer x such that x =
a1 (mod mq) and x = az(mod ms). Then z is uniquely determined (mod mqms) if my
and msy are relatively prime.

To find this x, and thus solve the system of two congruences, we begin by solving
the linear congruences msb; = 1(mod my) and m1b; = 1(mod ms) to find b; and by
respectively. Then it can be readily verified that

T = a1bymso + asbomg

is a solution to both of the original congruences. Further, the theorem readily extends to
systems of an arbitrary number of congruences whose moduli are all pairwise relatively
prime.

DIOPHANTINE EQUATIONS

® VARIABLES ARE RESTRICTED TO INTEGERS

ar —ny =>b

@ IS EQUIVALENT TO

axr = b(mod n)

e <-.b" — ct



LIGHT, MORE LIGHT

The Problem

There is man named "mabu" for switching on-off light in our University. He switches on-off the lights in a corridor. Every bulb
has its own toggle switch. That is, if it is pressed then the bulb turns on. Another press will turn it off. To save power
consumption (or may be he is mad or something else) he does a peculiar thing. If in a corridor there is “n' bulbs, he walks along
the corridor back and forth “n' times and in i'th walk he toggles only the switches whose serial is divisable by i. He does not
press any switch when coming back to his initial position. A i'th walk is defined as going down the corridor (while doing the
peculiar thing) and coming back again.

Now you have to determine what is the final condition of the last bulb. Is it on or off?

The Input

The input will be an integer indicating the n'th bulb in a corridor. Which is less then or equals 2432-1. A zero indicates the end
of input. You should not process this input.

The Output Sample Input

Output "yes" if the light is on otherwise "no" , in a single line. 2241

8191
0

Sample Output

no
yes
no

LIGHT, MORE LIGHT

#include <iostream>
#include <cmath>

using namespace std;

int main() {
unsigned int n;
double raiz;

cin >> n;

while (n != 0) {
raiz = sqrt(n);
if (floor(raiz) == ceil(raiz))
cout << "yes" << endl;
else
cout << "no" << endl;
cin.ignore(Q);
cin >> n;
i}

return 0;



