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Abstract. Bidirectional search and heuristic search are techniques that
improve the performance of a shortest path graph search. Despite many
attempts to use both at the same time, this combination had been lead-
ing to worse results in average, compared to the classic unidirectional
heuristic A* algorithm. In [4], a new graph search algorithm was devel-
oped, LCS*, that is the first to combine these techniques effectively. LCS*
is a generic and simultaneous bidirectional heuristic algorithm which is
faster than A* in most domains. This work present formal proofs of the
completeness and admissibility of LCS*.

1 Introduction

Given a degree-bounded (or, locally finite) directed graph with edge costs,
the shortest path problem is to find, for a given pair of nodes s and ¢, a
path from s to ¢ with total cost less than or equal to the cost of any other
path from s to ¢. An algorithm that always finds this path is admissible.

The first admissible search algorithms were Moore’s (1957) and Dijk-
stra’s (1959), which traverse the graph in a breadth-first manner starting
from the source until the target is reached. Search algorithms work as
follows. Starting with the node s, they explore some part of the graph,
known as the search tree, by repetitive application of the successor op-
erator. Each time a successor operator is applied to a node, we say that
the algorithm has ezpanded that node. We say that nodes returned by the
successor operator are generated by the algorithm. An already expanded
node is called a closed node, and is stored in the closed list. Nodes gen-
erated but not yet expanded are called open nodes, and are stored in the
open list. A node in the search tree is either open or closed at a given
moment. If the algorithm cannot identify that a given node was already
generated (or expanded), we say that the search tree is part of the search
space, which differs from the state space because the same state can ap-
pear more than once.



In [3] Dijkstra’s algorithm is extended into a more efficient algorithm
called A* by including an estimate of the remaining path cost to the
target. A* selects nodes for expansion in order of increasing f(n) = g(n)+
h(n), where g(n) is the cost to go from s to n and h(n) is an estimate of
the cost to go from n to ¢. This process searches nodes closer to the target
first, and is called heuristic search or best-first search. A* is admissible if
and only if the remaining path costs are underestimated. Although A* may
be outperformed by other algorithms in some specific graph problems, it
is proven to be optimal among all other unidirectional algorithms that are
not more informed than A* and if no ties are allowed [1]. A tie occurs when
two nodes n1 and no in the search’s open list have the same evaluation
result, e.g.: f(n1) = f(n2). We say that there is a critical tie between ny
and ng when f(n1) = f(n2) = C*, where C* is the cost of the optimal
path.

A bidirectional search can be viewed as two simultaneous searches
starting from source and target nodes respectively. A new path is found
when a given node is recognized to be at both search trees at the same
time. This node is called a meeting node. The terminating condition of
a bidirectional algorithm is not as simple as in unidirectional ones. The
first complete path from s to ¢ found by a bidirectional algorithm may
not be the optimal one, and the algorithm needs to continue expanding
nodes until all nodes n in at least one open list have f(n) > min[f(m)] V
meeting node m. This behavior leads to searches overlapping, which is
the generation and/or expansion, by both searches, of the same nodes in
the state space.

In [8] it is introduced BS*, a bidirectional heuristic algorithm that
avoids search overlapping with nipping, pruning, trimming and screening
operations. However, this wasn’t sufficient to make it better than A*.
There had been great difficulty in achieving improvements with heuristic
bidirectional search. The main problems reported were the complexity
of keeping the needed information and making both searches meet in
the middle rather than each search finding essentially disjoint equivalent
(optimal) s — t paths (missing fronts problem).

Recently, the potential gain of bidirectional search has appeared again,
as some previous counter-arguments were shown to be weak [7] [5].
Perimeter search [9] presents better results under some conditions. An-
other improvement appears in the work of [6]. As in perimeter search,
searches are not simultaneous, but one following the other. This non-
traditional bidirectional search allows dynamic estimation to be easely
implemented as single added values. Statistical data show sensible reduc-



tion in number of expanded nodes and runing time. The limitation is the
fact that the algorithm must know when to change direction in order to
optimize its search, and if made wrong, this decision may nullify the gains
or even make the search more expensive.

LCS* is a new graph search algorithm ([4]) which also uses dynamic
estimation to improve the prunning power. LCS* is the first to combine
both bidirectional and heuristic techniques effectively using simultaneous
searches in a simple way. In order to prove the completeness and admis-
sibility of LCS*, the next sections summarizes a set of notations that are
used in unidirectional and bidirectional heuristic search for theoretical
values and actual data mainained by the algorithms. A set of properties
associated with heuristic values is also reviewed. Then, LCS* is presented
along with its proofs.

2 Definitions

2.1 Graph definition

G = (V. E), directed degree-bounded graph

s, t source and target nodes, with s,t € V'

¢(n1,n2) cost of arc (ny,n9) € E for nodes ni,ny € V
Ss(n) immediate successors of n,{z|z € V,(n,z) € E}

Si(n) immediate predecessors of n, {z|z € V, (z,n) € E}

2.2 Optimal values

P optimal path fromn €V tom eV
k*(n,m) cost of the optimal Py_, path

g*(n) = k*(s,n), cost of the optimal s — n path
h*(n = k*(n,t), cost of the optimal n — ¢t path

) =k
fr(n)  =g"(n) +h*(n)
c = k*(s,t), cost of the optimal s — ¢ path

2.3 Estimates used by heuristic search

g(n) estimate of ¢g*(n)

h(n) estimate of h*(n)

f(n) = g(n) + h(n), estimate of f*(n)

Crnin 0 < cmin < c¢(ny,n2) Y ny,ng €V | (ny,ne) € E

k(n1,n2) consistent estimate of k*(ni,ns);



2.4 Properties of the estimator function h

h is admissible iff h(n) < h*(n) V n € V (underestimation)
hi is no more informed than hs iff hy(n) < ho(n) < h*(n) Vn eV
h is consistent iff h(ny) < k*(ny,n9) + h(ng) ¥V ny,ng € V

3 A New Bidirectional Algorithm LCS*

In [4] a new algorithm is introduced, called LCS*: Lower bound Coop-
erative Search. As any other bidirectional algorithm, LCS* requires the
ability to identify the same node in the state space, and requires also
consistent estimators. It is shown that LCS* outperforms A* in average
in most application domains, both considering the number of nodes ex-
panded and actual running time (Fig. 1), while keeping the same space
complexity. Improvements in LC'S* are due to two concepts: cooperation
and visibility.

1

“nodes.dat’ ——
“times.dat" --->---

0.9

0.8

0.7

0.6

05

0.4 |-

o.

3 L L I I L n L
100 150 200 250 300 350 400 450 500

Fig. 1. LCS*/A¥* ratio in number of nodes and running times for 2D grids

Cooperation is found by observing that the function g() of one search
corresponds to the function h() of the other, and vice-versa. Then, it is
possible not only to reduce the amount of information stored, but also
to improve the estimates in one search based on the other’s paths. This
is known as dynamic estimation, and was already exploited in [6]. To
use dynamic estimation, one have to make new estimation functions that
account for information coming from the opposite search. But in order to
keep the new estimation values consistent, it is not possible to change the
ordering imposed by them. Therefore, in bidirectional algorithms, the new
estimation is actually the same plain estimation, but additional values
are used for the terminating conditions. This becomes clear looking at



the algorithm code, and also observing the fact that the prunning power
of an algorithm is the factor that makes it finish sooner or not.

The novelty of our algorithm is to show that such dynamic estimation
can be used in simultaneous, or traditional algorithms. As the boundaries
of both searches overlap each other, we need to prevent their temporary
data to be used by the opposite search. The concept of wisibility is to
hide temporary (estimated) data inside each search, while sharing the
values that are already proven to be optimal between both search fronts,
in a public space. This is accomplished by storing g and h functions in
references, but not in the actual nodes of the state space, as in previous
works. Each search has its own private open list to store references gener-
ated from it, and they are not visible to the opposite search. Once a node
n is expanded, the algorithm knows its ¢g*(n) value (this is guaranteed
by admissible and consistent estimators), and this value, along with a
pointer, is stored in the public state space structure. LCS* is presented
on figure 2. The algorithm has the same structure and steps of BS* [§].

The information maintained by the algorithm during its execution is
the following:

Closed;Closed; set of nodes reached from s and ¢ already expanded

Openg set of references r to nodes n(r), n(r) € Ss(x)
for some z | x € Closeds and n(r) € Closed;
Openy set of references r to nodes n(r), n(r) € Sy(x)
for some z | x € Closed; and n(r) ¢ Closed,
g(n) optimal path cost from s to n if n € Closed
or from ¢t to n if n € Closed;
p(n) parent of n from where it was expanded with
lowest cost, n € Closedgs @ Closedy
9s(r) estimate of g% (n(r)),
g1(7) estimate of g; (n(r)),
n(r) is the node pointed to by r
p(r) parent node of n(r) that generated it
d(r) number of arcs in the path from s to n(r) if
r € Openg or from t to n(r) if r € Openy
Lynin > C*, cost of the best s-t path found so far
£ minimum add cost to reach s through Closed;
2 minimum add cost to reach ¢ through Closed;
Py, Py, admissible estimation of P*(p), p € Openg or € Open
MeetN meeting node € Closed; ® Closed;

Mps, Mp; MeetN pointer toward source and target



LCS¥* Shortest Path Algorithm

Input: G = (V,E)
Output: P},

0. Lmin < oc; MeetN < none; 25 < 0; 2 < 0; Py, < 0; Py, < 0;
1. put new rg in Opens: n(rs) = s,d(rs) = gs(rs) = 0, g:(rs) = de(s, t);
put new 7y in Openy: n(ry) = t,d(rs) = g¢(re) = 0,9s(r¢) = de(s, 1);
2. if necessary, update (2, £2;, Pys, Py;; // dynamic estimation
if expand_from_source // direction choosing criteria
then ¢ =s,7=1%¢ else ¢ =t,7 = s; endif
3. select r € Openc | f(r) < f(z) Yz € Openc;n < n(r); // selection
3.1 if Open or Open; is empty // stop condition 1
3.2 or f(r) > Lyin — £2; // stop condition 2
then goto step 5 (stop); endif
3.25 if g(r) — k(s,n(r)) > Lmin — Py, // stop condition 2
then return to step 2; endif // screening 2
3.3 if n =17 [and g¢(r) < Lmin] // target meeting node
then Lyyin < g¢(7);
MeetN < n; Mpc < p(r); Mp; < none;
goto step 2; endif
4. // check/expand node n = n(r) (all steps 4)
4.1 if n € Closed, [and g(n) < g.(r)]
then return to step 2
4.2 if n € Closed, // nipping/pruning
then
i (g, (1) + 9(n) < Lnin)
then Lyin < go(r) + g(n);
MeetN < n; Mps < p(r); Mp; < p(n);
goto step 2; endif; goto step 2; // trimming
4.3 else put n in Closed.; g(n) < g.(r); p(n) < p(r); endif
4.4 for each node m in S¢(n) do: // expansion
if m & Closed.
a}rlld g(n) +¢(n,m) + k(m, 7) < Lyin — £2; // screening
then
put a new reference r,, in Openc
with: n(ry,) = m,p(rm) = n,d(ry,) = d(r) + 1,
ge(rm) = g(n) + c(n,m), gr (rm) = k(m, 7);
4.5 // earlier termination
if m € Closed, and gc(rn) + g(m) < Lpin
then
Linin <= g¢(rm) + g(m);
MeetN < m; Mpc < n; Mp; < p(m);
endif endif endfor
4.6 remove and delete r from Open,; goto step 2.
5. if Lyyp < 00
then the shortest path is traced from MeetN with Mp,, Mp;
and p(n) pointers until reaching s and ¢, and has cost Lyn;
else no path exists;

Fig. 2. Basic LC'S* Algorithm.




3.1 LCS* is Admissible

Assume initially that Py, = Py; = 2 = £ = 0. Under these circum-
stances, it is possible to prove that LCS* is complete and admissible.
The proof uses optimal values in the symmetric notation, and specific
data stored by the algorithm, as just defined above. The estimated eval-
uation function f() is defined only on references, as f(r) = gs(r) + g¢(r),
while the optimal function f*() is defined only on actual nodes, as
f*(n) = gi(n) + g; (n). This helps understanding the differences between
instance properties (optimal values) and information stored by the algo-
rithm. We shall use indexes ¢ to designate “this search” and 7 to designate
the “the opposite search”. So, ¢ = s and 7 =t in the search beginning at
s, and ¢ =t and 7 = s in the search beginning at .

As in [8], it is not possible to prove that every reference r to a node
n expanded by LCS* has f(r) = f*(n(r)) because of nipping/pruning
operations. The proof for admissibility is conducted as follows: There are
always references to nodes in the optimal path in both search’s open lists.
Once these nodes are selected for expansion, we know their f*() values.
Meeting nodes are found and the algorithm terminates with the optimal
solution; In the next section we show how to use values greater than zero
for 2 and Py while maintaining these properties.

lemma 0 Any time during execution C* < Ly,ip
Proof: At the beginning (step 0) Ly, = 00. Ly, is updated at the
meeting nodes by g¢(r) + g(n) where n = n(r), r € Open; and n €
Closed;. Now g¥(n) < g¢(r) and g;(n) < g(n). Therefore, f*(n) <
gc(r) + g(n). Since C* < f*(n) Vn € V, C* < g.(r) + g(n) for all
meeting nodes n.

lemma 1 L,,;, is non-increasing. Proof: conditions at steps 3.3, 4.2 and
4.5 of the algorithm. Thus, if at any given moment there is some value
T > Lyin, the same value x will remain > L,,;, from this moment on,
until the algorithm terminates;

lemma 2 No reference r with f(r) > Ly, is ever expanded. Proof:
terminating condition (3.2);

lemma 3 Before LCS* finds a meeting node on P; ,, there exist
references 1, € Openg and r; € Open,; such that n(r)) and n(r;) €

<y, and go(rh) = g3(n(r})) and g;(r}) = gf (n(r%)) -

Proof for r.: Before the first node from source is expanded, there is
a reference 0 € Openg with n(r?) = s, gs(r?) = g¥(n(r?)) = 0 (step
1) and trivially 7, = r? because s € P ,. Each time a reference
rs € Opens | gs(rs) = gi(n(rs)) is selected for expansion, a new ref-
erence r, | n(r.) € PY_, is inserted in Openg with gs(rl) = g (n(r))),



for the following reasons: (i) if n(ry) & Closed, it will certainly be
expanded (condition at step 4.1). Otherwise, this reference is con-
sidered as a meeting node; (ii) gs(rl) = gs(rs) + c(rs, ), and then
gs(rh) = gi(n(rl)) because rs, 7, € P, which is optimal; (iii)

f(rl) < C* < Lyin (lemmas 0 and 1), and then r, cannot be dis-

S
carded by screening. Therefore, we prove this lemma by induction.
lemma 4 Before LCS* finds a meeting node on P;_,, every node
n € Py, expanded by LCS* from a reference r | n = n(r) have
9¢(r) = g¢ (n)-
Proof: Suppose the contrary: r € Openg, f(r) < f(x) Vz € Openg and
gs(r) > g(n). Let P2, be the path already found from s to n(r).
Then, there should be an optimal path P’ |P , = P} , + P} _, with
cost C(P;_,) = gi(n) < C(PY_,) = gs(r) and the algorithm did not
find it (if P} , was already found, n € Closeds, and r would not
be expanded because of the condition at 4.1). There is a reference
rl € Opens | n(rl) € P, with g5(rl) = ¢g¥(n(r))) (from lemma
3) because n was not expanded before. Now, if r, € Opens at this
moment, gs(r,) < gs(r) (from hypothesis), g;(rl) < gi(r) + k(rl,r)
(consistency) and therefore f(r}) < f(r), contradicting the selection
of r for expansion.

corollary 1 The additional condition at step 4.1 is always true for nodes
along the optimal path. Therefore, we can remove it and the above
mentioned properties still hold.

corollary 2 Every meeting node n = n(r) € P;_, corresponding to a
reference r have gc(r) + ¢g(n) = f*(n). This value is then assigned to
Ly (steps 3.3, 4.2, 4.5).

theorem 1 LCS* is complete.

Proof: If there is a finite path P, with cost C* and the cost of any
arc is at least cpip, then for any reference r to a node n(r) further
than M = C*/cpin steps from s, we have f(r) > g(r) > Mcpi, = C*.
Clearly, no reference r to a node n(r) further than M steps from s is
ever expanded, for by the lemma 3, the corollary 2 to lemma 4, and
the lemma 2.

theorem 2 LCS* is admissible.

Step a: From lemma 3 (there are references with f(r) < f*(n(r)) in
the open lists), lemma 0 (f*(n(r)) = C* < L), and lemma 2, we
prove that at a certain time a reference to a node in the optimal path
will be selected for expansion and recognized as a meeting node with

9¢(r) + g(n) = f*(n).



Step b: After a meeting node m in the optimal path is selected (com-
ment on corollary 2), no other meeting node can be selected, for
Lppin < f*(m) = Cx.

3.2 Improved Dynamic Estimator

The power of a heuristic admissible algorithm is not how fast it
goes toward the goal, but how efficiently it can compute a higher
f(n) ¥n | f(n) < f*(n). This is known as pruning power of the esti-
mator or algorithm [11]. Values greater than 0 can be used for (2, 2
and Pyg, Py; to improve the pruning power of LC'S* and cause the algo-
rithm to terminate sooner, without loosing consistency and admissibility
properties.

Let 2, = min[g(p(m)) — k(p(m),7)] Ym € Open,. This resistivity
value is the minimum overhead to get to 7 from anywhere outside Closed:,
including nodes at the boundary of Closed,. It corresponds to the Min
idea of [6], and can be added to any static estimate k(n, 7). Since the
improved dynamic estimate k(n,7) + £2; < k*(n,7) VYn | n € Closed, or
n € p(m) | m € Open, and no estimate is needed when n € Closed, and
n & p(m) | m € Open,, the value can be used by the algorithm (Fig. 3).

R=Min[g.(R) +k (R 9]

F(n) =g(n) + R - h(n)
h ()

,/i{skn) R.=Min[g, () -k (0, D]

N Fm =f (M) +R

Fig. 3. Dynamic estimation using Py and 2 (R) values

To make the estimates consistent among all nodes in a given open list,
we have to use the same value (2, for all references r € Open.. By doing
so, we do not break consistency, for g (r1) + A < g-(r2) + A+ k(rq,r2) for
any value of A. It does not modify the ordering in which the references
are stored (by f(r)) in the open list. The absolute values of f(r) are only
used to compare to L,,», and higher values are desired to improve the
pruning power. This is why f(r) = g.(r) +k(n(r), 7) is still used in Openc
(step 4.4), but f(r) > Ly, — §2; is used as pruning condition (step 3.2).



Analogously, let Py, = min[g(p(m)) + k(p(m),s)]. This penalty
is the minimum cost of an s — ¢ path through node p. It includes the
additional overheads of k(p(m),<) and k(p(m), 7). Then, for any node n,
F(n) =g.(n) + Py, — hr(n) is an improved admissible estimation of
f*(n), and corresponds to the Max idea of [6]. It is used together with the
resistivity estimator because in some cases it may be smaller than even
the static f.

4 Conclusions

This paper has presented LCS*, a new bidirectional and heuristic path
search algorithm, and the proofs of its admissibility. The pruning power
of LOS* is enhanced by using information from the “opposite search”, im-
plemented as single values added to the static estimates, what preserves
admissibility. The new algorithm opens several possibilities for further re-
search on cooperative searches, direction choosing criteria, among others.
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