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1. Divide-and-conquer algorithms




DIVIDE-AND-CONQUER
ALGORITHMS, PART 1:

DIVIDE-AND-CONQUER ALGORITHM
conaL co S INTRODUCTION AND

Basic idea EXAMPLES

e Instance I of size @

DC(I):=
%if n<ng then
return direct solution of base case

else
divide / into subproblems [y,...,Ig.
solve 5 =DC(L), i< [k] recursively.
solve I by fcombining solutions Si,...,Sk.
end if
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DIVIDE-AND-CONQUER
ALGORITHMS, PART 1:

DIVIDE-AND-CONQUER ALGORITHM
conaL co S INTRODUCTION AND

Natural correctness proof EXAMPLES

e Natural correctness proof is by (compléte) induction
e Base: Show that the base case (&g) is solved correctly
e Step:
e [nduction hypothesis: the algorithm works correctly for smaller

instances (size &i).
e Show: it works for instances of size n.

e Main problem here: correctness of the combine step
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DIVIDE-AND-CONQUER
ALGORITHMS, PART 1:
INTRODUCTION AND
Counter-example EXAMPLES

DIVIDE-AND-CONQUER ALGORITHMS

e Here's a divide-and-conquer algorithm to solve the TSP:

Divide the cities into two subsets of the same size.

Find the optimal routes for each subset.

Combine the two routes optimally, but checking all ways of
removing an edge from each, and joining them.

e Recurrence: T(1) = 2T(10/2) + O(n?) = O(n%logn).

e Correctness?
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DIVIDE-AND-CONQUER
ALGORITHMS, PART 1:
INTRODUCTION AND
Natural complexity analysis EXAMPLES

DIVIDE-AND-CONQUER ALGORITHMS

~ _
e Assume: divide takes time d(n)/ combine s(ﬁ) subproblems
have size/n;) i € [K] ' o
1, =

e We have the natural recurrence

, otherwise, 11 2/

with f(n) =d )If the subproblems are balanced, this
simplifies to —— —— N Hedoo

v n/k
T(n) = {Sﬁ(”’ for 1 < o
\ J(f”/%ﬂ) + f(n), otherwise.
N

-
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DIVIDE-AND-CONQUER
ALGORITHMS, PART 1:

DIVIDE-AND-CONQUER ALGORITHM
conNe co S INTRODUCTION AND

(Empty) EXAMPLES




DIVIDE-AND-CONQUER

ALGORITHMS, PART 1:

INTRODUCTION AND
MergeSort EXAMPLES

DIVIDE-AND-CONQUER ALGORITHMS

MergeSort(a,l,r) :=
if [ <r then
m o= [(+7)/2)
MergeSort(a, m,¢) £,

MergeSort(a,m + 1, r)
Wige(a,l,m,r @(VL)
end if
0 i) end fi//::;::::;;l
& @“KE
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DIVIDE-AND-CONQUER
ALGORITHMS, PART 1:

DIVIDE-AND-CONQUER ALGORITHM
conNe co S INTRODUCTION AND

MergeSort EXAMPLES

e Correctness: follows from correctness of "Merge".

e Complexity: T'(n) = QT((L@ + OQ M
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DIVIDE-AND-CONQUER
ALGORITHMS, PART 1:
INTRODUCTION AND
EXAMPLES

Gtnt)

DIVIDE-AND-CONQUER ALGORITHMS
Binary multiplication 1

Take two n-bit numbers p, g, separate them:

L Y
= o -2
-Ca o -2+
1 r

Thus we have:
pe= @2 +p) (@2 +a)

=2pi+ 2" (puay + pray ) + D0

~— ~—— ~~ ~——

O ey Perewy Colon

@ oz

Note: e Tl T@r[w/}) +0ln) = B,

g +prq = (p1 & pr%l Hqr) = Diq — Prdr-

N7 T(A) ;@//{m/z) FOla ).

/
u(:)
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DIVIDE-AND-CONQUER

. ALGORITHMS, PART 1:
DIVIDE-AND-CONQUER ALGORITHM !
conN co S INTRODUCTION AND

Binary multiplication 2 EXAMPLES

ifL@EEIDthen return(@;

else
Z1 1= MULT-BIN(p;, q)
T9 := MULT- BIN(pT,qT)
T3 = MULT-BIN(p + Dr, @ + Gr)

ﬁmﬂle +®—T//J) 2"/2+72

end 1f

° Thus we get away with onIy three recursive calls
e |T(n)=3T(n/2)+0m) | = Olu M)
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DIVIDE-AND-CONQUER
ALGORITHMS, PART 1:
) - INTRODUCTION AND
Simplified recurrences EXAMPLES

Tlw)=

DIVIDE-AND-CONQUER ALGORITHMS

/

(L2 ])+T(Toia1) 1>
o tol)
e  We usually don’t write the base case.

e We drop "small perturbations" such as floor and ceilings

e  This can be rigorously justified

[ Te =L Tn2) £0ls) | = ™
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DIVIDE-AND-CONQUER
ALGORITHMS, PART 1:

DIVIDE-AND-CONQUER ALGORITHM
conN co S INTRODUCTION AND

Techniques for solving recurrences EXAMPLES

_ oL
TCp\o1 (al2) FI() f(m(“” )

° @Substitution: guess the solution, and prove by induction

) .
e ~Expansion: expand recurrence tree, sum costs over levels, then
levels

° ®%Master Th;;e;r;
o AKFa"BazZi’8 theorem = Ve swhik of ELT.

13



tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro


DIVIDE-AND-CONQUER
ALGORITHMS, PART 1:

DIVIDE-AND-CONQUER ALGORITHM
conN co S INTRODUCTION AND

Substitution EXAMPLES

e Take MergeSort@( )= 2T(rn/2 +‘O( ) |

T 1) £ i)

@ n) <2T(n/2) + n e 1=2 )

@ 4t — < cn/2log(n/2 )t ¢'nj ) <2 .2
< cnlogn/2+ dn = g1t FO2
enlogn/2 + ¢ ‘ (02

ﬁBé@ﬂ @ tesiduadl.

Tluin) & C bwl

6(7(7 /9&4@/[ = o oy — ZZ)_L —qtc' 1 Lo
. )L(/’é(,

\@ 29, O 20 Z/G/Z] —

forc > ¢.
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DIVIDE-AND-CONQUER

. ALGORITHMS, PART 1:
- D- J ’

DIVIDE AV\!L CONQUER ALGORITHMS INTRODUCTION AND

Expansion of the recurrence EXAMPLES

Mfgie =
e We can label the internal vertices with the divide and combineu—’\ifif
costs el
2% An
e We can |abel the leaves with the cost of the base case =)
e  Thus: summing over all nodes we get the total cost
e |dea: sum over levels, then the levels /Z%g} ) =
g&t Lopn

e  Expansion is easiest for homogenous cases e
T(n) 1@[@ + f(n) 0( Lalogy rot))
- le m).
a=). [ﬁ"flz 0 Lelgn)
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DIVIDE-AND-CONQUER
ALGORITHMS, PART 1:
. INTRODUCTION AND
Expansion of a homogeneous recurrence 1 EXAMPLES

DIVIDE-AND-CONQUER ALGORITHMS

o We ha\/@subproblems in level 4
e The size of the subproblems in level i is@
e Thus the cost of each internal node is@

16
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DIVIDE-AND-CONQUER
ALGORITHMS, PART 1:

DIVIDE-AND-CONQUER ALGORITHM
conNe co S INTRODUCTION AND

(Empty) EXAMPLES
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DIVIDE-AND-CONQUER
ALGORITHMS, PART 1:
. INTRODUCTION AND
Expansion of a homogeneous recurrence 2 EXAMPLES

DIVIDE-AND-CONQUER ALGORITHMS

—
¢ -

The number of leaves is O(ag) = O(ﬁlogl/b“
AN

They cost O(1), so their total cost is also _O(nlogl/b“)

So overall we have T(VL ) =q T(émmm )
S af(bin) + O(n)

o<i<#7T

18



tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro


DIVIDE-AND-CONQUER
ALGORITHMS, PART 1:

DIVIDE-AND-CONQUER ALGORITHM
conN co S INTRODUCTION AND

Example T'(n) = 3T(n/4) + O(n?) EXAMPLES
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DIVIDE-AND-CONQUER
ALGORITHMS, PART 1:
L. INTRODUCTION AND
Example: Variations of MergeSort EXAMPLES

DIVIDE-AND-CONQUER ALGORITHMS

e  What happens if you divide the sequence into three parts? Or
four?
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