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1. Solving recurrences

2. Counting inversions

3. Matrix multiplication
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SOLVING RECURRENCES

A simple recurrence

• We can unroll

T (n) =
{
f(1), if n = 1,
T (n− 1) + f(n), otherwise.

• to get T (n) =
∑
i∈[n] f(i).
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SOLVING RECURRENCES

A less simple recurrence

• We can show by induction that

T (n) =
{
O(1), if n ≤ n0,
T (bn) + f(n), otherwise,

• for b ∈ (0, 1)
• is T (n) =

∑
0≤i<ß f(bin) +O(1)

• where ß = log1/bn/n0.
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SOLVING RECURRENCES

An interesting recurrence

• By working harder we can reduce

T (n) =
{
O(1), if n ≤ n0,
aT (bn) + f(n), otherwise,

• where a ∈ N e b ∈ (0, 1) to a previous case, and find
• T (n) =

∑
0≤i<ß a

if(bin) +O(nα)
• where ß = log1/b n/n0 and α = log1/b a.
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SOLVING RECURRENCES

A note on lower bounds

• We were mainly interested in upper bounds
• You can use the methods also for proving lower bounds
• Substitution: guess a lower bound f(n), then prove

T (n) ≥ f(n).
• Expansion: assume a lower bound at the nodes, summing gives

a lower bound for the total cost
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SOLVING RECURRENCES

Master theorem

The solution of

T (n) =
{
O(1), if n ≤ n0,
aT (bn) + f(n), otherwise,

for a ∈ N, b ∈ (0, 1) and f(n) assymtotically positive, is
a) T (n) = Θ(nα), if f(n) = O(nα−ε) for some ε > 0;
b) T (n) = Θ(nα logn), if f(n) = Θ(nα);
c) T (n) = Θ(f(n)), if f(n) = Ω(nα+ε) for some ε > 0, and if

af(nb) ≤ cf(n) for some c < 1 and all sufficiently large n.
with α = log1/b a.
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SOLVING RECURRENCES

(Empty)
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SOLVING RECURRENCES

The theorem of Akra-Bazzi

Given

T (x) =
{

Θ(1), if x ≤ x0,∑
i∈[k] aiT (bix+ hi(x)) + g(x), otherwise,

with constants ai > 0, 0 < bi < 1 e funções g, h such that

|g′(x)| ∈ O(xc); |hi(x)| ≤ x/ log1+ε x

for a ε > 0 and constant x0 sufficiently large we have

T (x) ∈ Θ
(
xp
(

1 +
∫ x

1

g(u)
up+1du

))
with p such that

∑
i∈[k] aib

p
i = 1.
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SOLVING RECURRENCES

(Empty)
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COUNTING INVERSIONS

Main idea

• Split the sequence, count inversion on the left and the right
• Problem: counting intra-inversions between elements on the

left and right
• Naïve: (n/2)2 = O(n2) comparisons. But then

T (n) = 2T (n/2) +O(n2) =????.
• Idea: if we have sorted sequences, we can count in linear time!
• And: there’s no problem in recursively counting and sorting at

the same time.
• So we get: T (n) = 2T (n/2) +O(n) = O(n logn).

11

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro



2 DIVIDE-AND-CONQUER
ALGORITHMS, PART 2

COUNTING INVERSIONS

(Empty)
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MATRIX MULTIPLICATION

Multiplying blocks

Computing C = AB by

C11 = A11B11 +A12B21

C12 = A11B12 +A12B22

C21 = A21B11 +A22B21

C22 = A21B12 +A22B22

costs T (n) = 8T (n/2) +O(1) = Θ(n3)
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MATRIX MULTIPLICATION

A better way

M1 = (A11 +A22)(B11 +B22)
M2 = (A21 +A22)B11

M3 = A11(B12 −B22)
M4 = A22(B21 −B11)
M5 = (A11 +A12)B22

M6 = (A21 −A11)(B11 +B12)
M7 = (A12 −A22)(B21 +B22)
C11 = M1 +M4 −M5 +M7

C12 = M3 +M5

C21 = M2 +M4

C22 = M1 −M2 +M3 +M6
14
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MATRIX MULTIPLICATION

Complexity

This costs only T (n) = 7T (n/2) +O(1) = O(nlog2 7) = O(n2.81)
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