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DYNAMIC PROGRAMMING,
X PART 1: INTRODUCTION
The basics AND EXAMPLES

INTRODUCTION

e A recursive definition - Forc
e So: problem is solved via subproblems

e A large overlap, such that caching makes sense

e Complexity then: size of the cache times time to fill each cell
e Optimal substructure: L ety 1eq ( Space coprleaty

e For decision problems: subproblems cover all cases
e For optimization problems: one of the subproblems can be
extended to the optimal solution o
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DYNAMIC PROGRAMMING,

TOY EXAMPLE: FIBONACCI
© ONACC PART 1: INTRODUCTION

Definition AND EXAMPLES
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", caso n € {0, 1}.
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DYNAMIC PROGRAMMING,
PART 1: INTRODUCTION
Dependency graph AND EXAMPLES

TOY EXAMPLE: FIBONACCI




DYNAMIC PROGRAMMING,

TOY EXAMPLE: FIBONACCI
© ONACC PART 1: INTRODUCTION

Simple recursive algorithm AND EXAMPLES

&
/N
L

Y
<YV then A\
return /1) R
else
return fib(n—-1)Hfib(n —2)
end if -

end
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DYNAMIC PROGRAMMING,

TOY EXAMPLE: FIBONACCI
© ONACC PART 1: INTRODUCTION

Caching AND EXAMPLES

,fO 3i® Memoization
Ay
fi=1 paraCfgz
D Lo g WL ol =

fib(n) := o 0(%> = 0(w).
\,, T > / / 47‘;‘ /SFQVL

if VILW
return;?@

end
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DYNAMIC PROGRAMMING,
: PART 1: INTRODUCTION
Cache evolution AND EXAMPLES

TOY EXAMPLE: FIBONACCI

Initial
1

2
3
4

A



tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro

tikopro


DYNAMIC PROGRAMMING,
i . PART 1: INTRODUCTION
Sequential implementation AND EXAMPLES

TOY EXAMPLE: FIBONACCI

end for
returnfn?
end
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DYNAMIC PROGRAMMING,

TOY EXAMPLE: FIBONACCI
L . PART 1: INTRODUCTION
Eliminating the cache AND EXAMPLES

fib(n) E?Qu’ e
fi= | fre s Do)

for i€ (2,n] do
{ invariante: f=F, oNg=F,_1 }
g:=f+yg
f=9—1f
{ invariante: f=F,_1ANg=F;, }
end for
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SUBSET SUM PROBLEM DYNAMIC PROGRAMMING,

=2 PART 1: INTRODUCTION
Definition AND EXAMPLES

X=2" & /7
/€(u) /
(7
Given numbers 1, x9, ...z, is there a non-empty subset
whose sum is 07 v«

Problem is NP-hard. -
Brute-force algorithm: test all subsets iﬁ\;@
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DYNAMIC PROGRAMMING,

UBSET SUM PROBLEM
SUBS S 0 PART 1: INTRODUCTION

Dynamic programming AND EXAMPLES

vl

w—y/F‘“‘ ,
e ‘ani’?i A =X %Z—Vg@
e [ Subproblem Peither x1 is part of the solution, or it is not
° d a subset of/( a:D /Ty)that sums to 0\ <4
° set of xo, .. a?n that sums to —xl

consists of

=20
e a suffix of the e 1xi1...xn@
e and a target value ‘ '@% A090

12
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DYNAMIC PROGRAMMING,

UBSET SUM PROBLEM
SUBS S 0 PART 1: INTRODUCTION

Writing the subproblem AND EXAMPLES

e So we define: S(i,v): there is a non-empty subset of
Ti, Titl,. .., Ty SUMMINg to v
e And we want to know: S(1,0).

e Recursive definition:

”“v@@@@  [Zi<a]
oLicq h T 5(%,4) ;mﬁa {03 G b 7

e Now we can apply all the same steps as for the Fibonacci
example u=#-1

o Complexity? = (wea) 7 bk [ Gubis - 04— 0(n/t).

\\;,\~/ H,(_a/b ) m‘/ub _
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DYNAMIC PROGRAMMING,
PART 1: INTRODUCTION
AND EXAMPLES

SUBSET SUM PROBLEM

14
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SUBSET SUM PROBLEM

(ad (

L@CL,«):AOM v)
b S(1,2]

DYNAMIC PROGRAMMING,

PART 1: INTRODUCTION
AND EXAMPLES

S(niv)= Ty, _v] v
Siliv) s L SVL4/'ILVZ(Y’\/
A i A, n=g A
/ TH £ (IR g ~
Lo celH f) /ﬁ L P
C“L/( \(“")
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DYNAMIC PROGRAMMING,

KNAPSACK PROBLEM
o PART 1: INTRODUCTION
Definition AND EXAMPLES

Given n items with values vy, ..., v, > 0 and weights
wi, ..., wy > 0 and a maximum weight W

Find the subset S C [n] of the largest value v(S) = >;cqvi
that fits into the Knapsack, i.e. w(S) =3 ,cqw; <W

16




KNAPSACK PROBLEM DYNAMIC PROGRAMMING,

i PART 1: INTRODUCTION
Solution AND EXAMPLES

Same dichotomy as for subset sum.

If item 1 is not part of the optimal solution: find the optimal
solution for 2,...,n with maximum weight W

If item 1 is part of the optimal solution: find the optimal
solution for 2, ..., n with maximum weight W — w; and add v;
Thus: a subproblem is defined by

e asuffix of theitemi,i+1,...,n
e and a maximum weight w

17




KNAPSACK PROBLEM DYNAMIC PROGRAMMING,

. N PART 1: INTRODUCTION
Recursive definition AND EXAMPLES

e So we define: K (i,w): the optimal value using item i,...,n
with maximum weight w.

e And we want to know: K (1,W).

e Recursive definition:

max{K({+1,w), K(i+ 1,w—w;)+ v}, 1<i<nw <
K(i,w) =< K(i+ 1,w), 1 <i<n,w; >
0, 1> n.

e Now we can apply all the same steps as for the Fibonacci
example, again
e Complexity?
18




KNAPSACK PROBLEM DYNAMIC PROGRAMMING,

PART 1: INTRODUCTION
(Empty) AND EXAMPLES
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KNAPSACK PROBLEM DYNAMIC PROGRAMMING,

PART 1: INTRODUCTION
(Empty) AND EXAMPLES
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