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Solução da prova de recuperação

Questão 0.1
(a) ∀yf(x, y) = x

U = {a}, f = {(a, a) 7→ a}, x 7→ a

U = {a, b}, f = {(a, a) 7→ b, (a, b) 7→ b, (b, a) 7→ b, (b, b) 7→ b}, x 7→ a

(b) ∃x∀yf(x, y) = y

U = {a}, f = {(a, a) 7→ a}

U = {a, b}, f = {(a, a) 7→ b, (a, b) 7→ b, (b, a) 7→ b, (b, b) 7→ b}

(c) ∃x(P(x) ∧ ∀yP(f(x, y)))
U = {a}, P = U, f = {(a, a) 7→ a}

U = {a}, P = ∅, f = {(a, a) 7→ a}

Questão 0.2
(a) ∀x x > 0 → ∃y y > 0 ∧ y× y = x (com x > y := ¬(x < y) ∧ ¬(x = y)).

(b) M → I, com M := ∀x∀y x < y → f(x) < f(y) (f e estritamente monótona) e I := ∀x∀yf(x) =
f(y) → x = y (f é injetiva).

(c) S ∧ I, com S := ∀x∃yf(y) = x (f é surjetiva).

Questão 0.3
(a) ` (∀xP(x)) → (∃xP(x))

1 ∀xP(x) hipótese
2 P(y) ∀xe1
3 ∃xP(x) ∃xi2
4 (∀xP(x)) → (∃xP(x)) →i1–3

(b) ` (∃xP(x) ∧ Q(x)) → (∃xP(x)) ∧ (∃xQ(x))

1 ∃xP(x) ∧ Q(x)) hipótese
2 x0 P(x0) ∧ Q(x0) hipótese
3 P(x0) ∧e1

2
4 Q(x0) ∧e2

2
5 ∃xP(x) ∃xi3
6 ∃xQ(x) ∃xi4
7 (∃xP(x)) ∧ (∃xQ(x)) ∧i5,6
8 (∃xP(x)) ∧ (∃xQ(x)) ∃xi1,2–7
9 (∃xP(x) ∧ Q(x)) → (∃xP(x)) ∧ (∃xQ(x)) →i1–8

(c) ` (∃x∀yP(x, y)) ∧ (∀xP(x, x) → ∃yQ(y, x)) → ∃y∃xQ(y, x)
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1 (∃x∀yP(x, y)) ∧ (∀xP(x, x) → ∃yQ(y, x)) hipótese
2 ∃x∀yP(x, y) ∧e1

1
3 ∀xP(x, x) → ∃yQ(y, x) ∧e2

1
4 x0 ∀yP(x0, y) hipótese
5 P(x0, x0) ∀xe4
6 P(x0, x0) → ∃yQ(y, x0) ∀xe3
7 ∃yQ(y, x0) →e5,6
8 y0 Q(y0, x0) hipótese
9 ∃xQ(y0, x) ∃xi8

10 ∃y∃xQ(y, x) ∃xi9
11 ∃y∃xQ(y, x) ∃xe7,8–10
12 ∃y∃xQ(y, x) ∃xe2,4–11
13 (∃x∀yP(x, y)) ∧ (∀xP(x, x) → ∃yQ(y, x)) → ∃y∃xQ(y, x) →i1–12

(d) ∃xP(x) → Q a` (∀xP(x)) → Q.
1 ∃xP(x) → Q premissa
2 ∀xP(x) hipótese
3 x0 P(x0) → Q hipótese
4 P(x0) ∀xe2
5 Q →e4,3
6 Q ∃xe1,3–5
7 (∀xP(x)) → Q →i2–6
1 (∀xP(x)) → Q premissa
2 (∀xP(x)) ∨ ¬(∀xP(x)) LEM
3 ¬∃xP(x) → Q hipótese
4 x0 qq. x0

5 ¬P(x0) hipótese
6 P(x0) hipótese
7 ⊥ ¬e6,5
8 Q ⊥e7
9 P(x0) → Q →i6–8

10 ∃xP(x) → Q ∃xi9
11 ⊥ ¬e10,3
12 P(x0) PBC 5–11
13 ∀xP(x) ∀xe4–12
14 Q →e13,1
15 P(x) hipótese
16 Q cópia 14
17 P(x) → Q →i15–16
18 ∃xP(x) → Q ∃xi17
19 ⊥ ¬e18,2
20 ∃xP(x) → Q PBC 3–19
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