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Model Representation
• Models can be stored/represented using

different techniques
– Polygon meshes
– BRep
– CSG
– Implicit function

•• ModelsModels cancan bebe storedstored//representedrepresented usingusing
differentdifferent techniquestechniques
–– PolygonPolygon meshesmeshes
–– BRepBRep
–– CSGCSG
–– ImplicitImplicit functionfunction
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Model Representation
Polygon Meshes

• Object is represented by a list of polygons•• ObjectObject is is representedrepresented byby a a listlist of of polygonspolygons

[BIS05]
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Model Representation
BRep

• Boundary representation – BRep
• Object is represented by its boundaries
• More general than triangle meshes
• Faces

– can have arbitrary number of vertices
– may be non- convex
– may be non- planar
– may contain holes

•• BoundaryBoundary representationrepresentation –– BRepBRep
•• ObjectObject is is representedrepresented byby itsits boundariesboundaries
•• More general More general thanthan triangletriangle meshesmeshes
•• FacesFaces

–– cancan havehave arbitraryarbitrary numbernumber of of verticesvertices
–– maymay bebe nonnon-- convexconvex
–– maymay bebe nonnon-- planarplanar
–– maymay containcontain holesholes

[HAV01]
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Model Representation
CSG

• Object represented by a tree of operations on
solid models

•• ObjectObject representedrepresented byby a a treetree of of operationsoperations onon
solidsolid modelsmodels

∩
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Model Representation
Implicit function

• Object is represented by its mathematical function
– f(x,y,z)=0

• Simple operations
– Morphing f to g: (1-t)f(x,y,z)+tg(x,y,z)
– CSG
– Blending
– Twisting

•• ObjectObject is is representedrepresented byby itsits mathematicalmathematical functionfunction
–– f(x,y,z)=0f(x,y,z)=0

•• SimpleSimple operationsoperations
–– MorphingMorphing f to g: (1f to g: (1--t)f(x,y,z)+t)f(x,y,z)+tgtg(x,y,z)(x,y,z)
–– CSGCSG
–– BlendingBlending
–– TwistingTwisting

(2x(2x22+y+y22+z+z22--1)1)33--(0.1x(0.1x22+y+y22)z)z33=0=0xx22+y+y22+z+z22--r=0r=0 (x(x22+y+y22+z+z22+R+R22--rr22))22--4R4R22(x(x22+y+y22)=0)=0
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Surface Reconstruction
3D scanners

• 3D Scanners are becoming popular and cheaper
• Useful for building virtual models of complex

objects
• Problems

– Discrete representation
• Point-cloud

– Noisy data

•• 3D Scanners are 3D Scanners are becomingbecoming popular popular andand cheapercheaper
•• UsefulUseful for for buildingbuilding virtual virtual modelsmodels of of complexcomplex

objectsobjects
•• ProblemsProblems

–– DiscreteDiscrete representationrepresentation
•• PointPoint--cloudcloud

–– NoisyNoisy datadata
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Surface Reconstruction
The problem

• Given a set of sample points, reproduce the
original model

• Models can be complex
– Sharp features
– Holes
– Millions of points

•• GivenGiven a set of a set of samplesample pointspoints, , reproducereproduce thethe
original original modelmodel

•• ModelsModels cancan bebe complexcomplex
–– Sharp Sharp featuresfeatures
–– HolesHoles
–– MillionsMillions of of pointspoints

[Carr01]
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Surface Reconstruction
Known Techniques

• Computational Geometry
– Alpha Shapes
– Crust
– Cocone

• Algebraic Methods
• Implicit Function

– RBF- Based
– Multilevel Partition of Unity

•• ComputationalComputational GeometryGeometry
–– AlphaAlpha ShapesShapes
–– CrustCrust
–– CoconeCocone

•• AlgebraicAlgebraic MethodsMethods
•• ImplicitImplicit FunctionFunction

–– RBFRBF-- BasedBased
–– MultilevelMultilevel PartitionPartition of of UnityUnity
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Surface Reconstruction
Alpha Shapes

• Connect two points if there’s a circle containing
the points

• Radio of the circles is 1/alpha

• Each value of alpha define a possibly different
surface

•• ConnectConnect twotwo pointspoints if if therethere’s a ’s a circlecircle containingcontaining
thethe pointspoints

•• Radio of Radio of thethe circlescircles is 1/is 1/alphaalpha

•• EachEach valuevalue of of alphaalpha define a define a possiblypossibly differentdifferent
surfacesurface
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Surface Reconstruction
Alpha Shapes

• Alpha Shapes in action•• AlphaAlpha ShapesShapes in in actionaction

• Surface is not smooth

• Alpha value must be
manually adjusted !

•• SurfaceSurface is is notnot smoothsmooth

•• AlphaAlpha valuevalue mustmust bebe
manuallymanually adjustedadjusted !!
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Surface Reconstruction
RBF- Based- The Linear System

• We want a function that gives the distance from
any point to the reconstructed surface
– Use the distance from the points to all other points

in the point- cloud
– When applied to a sampled point, the function result

must be zero (the point is on the surface)
– All points which result is zero are surface points!

•• WeWe wantwant a a functionfunction thatthat givesgives thethe distancedistance fromfrom
anyany pointpoint to to thethe reconstructedreconstructed surfacesurface
–– Use Use thethe distancedistance fromfrom thethe pointspoints to to allall otherother pointspoints

in in thethe pointpoint-- cloudcloud
–– WhenWhen appliedapplied to a to a sampledsampled pointpoint, , thethe functionfunction resultresult

mustmust bebe zero (zero (thethe pointpoint is is onon thethe surfacesurface))
–– AllAll pointspoints whichwhich resultresult is zero are is zero are surfacesurface pointspoints!!
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Surface Reconstruction
RBF- Based- The Linear System

• Let φ be the distance function (eg.: Euclidean)
• φ is called “the basic function”
•• LetLet φφ bebe thethe distancedistance functionfunction ((egeg.: .: EuclideanEuclidean))
•• φφ is is calledcalled ““thethe basicbasic functionfunction””
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Surface Reconstruction
RBF- Based- The Linear System

• Generalizing•• GeneralizingGeneralizing
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ThisThis givesgives us us thethe trivial trivial solution  solution  λλii=0, =0, i=1..ni=1..n
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Surface Reconstruction
RBF- Based- The Linear System

• We must add new φ values that gives non-zero 
results
– Add off- surface points

•• WeWe mustmust addadd newnew φφ valuesvalues thatthat givesgives nonnon--zero zero 
resultsresults
–– AddAdd offoff-- surfacesurface pointspoints
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Surface Reconstruction
RBF- Based- The Linear System

• Generate off-surface points using normals•• GenerateGenerate offoff--surfacesurface pointspoints usingusing normalsnormals

• f(x,y,z)= 0

• f(x,y,z)= 1

• f(x,y,z)=- 1

•• f(x,y,z)= 0f(x,y,z)= 0

•• f(x,y,z)= 1f(x,y,z)= 1

•• f(x,y,z)=f(x,y,z)=-- 11
f(x,y,z) = hf(x,y,z) = h
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Surface Reconstruction
RBF- Based- The Linear System

• To ensure positive-definiteness of the solution

– Add a degree one polynomial

• pxx+pyy+pzz+pc=0
– px, py, pz ,pc are the polynomial coefficients
– x,y,z are point coordinates

• Accounts for linear and constant portions of f

•• To To ensureensure positivepositive--definitenessdefiniteness of of thethe solutionsolution

–– AddAdd a a degreedegree oneone polynomialpolynomial

•• ppxxxx++ppyyyy++ppzzzz+p+pcc=0=0
–– ppxx, , ppyy, , ppzz ,p,pc c are are thethe polynomialpolynomial coefficientscoefficients
–– x,y,z are x,y,z are pointpoint coordinatescoordinates

•• AccountsAccounts for linear for linear andand constantconstant portionsportions of of ff
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Surface Reconstruction
RBF- Based- The Linear System

• Modify matrix to accomplish the polynomial•• ModifyModify matrixmatrix to to accomplishaccomplish thethe polynomialpolynomial
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Surface Reconstruction
RBF- Based- The Linear System

• Modify matrix to accomplish the polynomial•• ModifyModify matrixmatrix to to accomplishaccomplish thethe polynomialpolynomial
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Surface Reconstruction
RBF- Based- The Linear System

• Writing it simpler•• WritingWriting it it simplersimpler

PPTT
AA

00
PP

pp
λλ

00
hh.. ==

• Solve the system
– Cholesky factorization
– GMRES iterative method
– LU factorization

•• Solve Solve thethe systemsystem
–– CholeskyCholesky factorizationfactorization
–– GMRES GMRES iterativeiterative methodmethod
–– LU LU factorizationfactorization
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Surface Reconstruction
RBF- Based- Algorithm

• Assume that each point has an associated normal
• Generate extra surface points along normals
• Solve linear system

•• Assume Assume thatthat eacheach pointpoint hashas anan associatedassociated normalnormal
•• GenerateGenerate extra extra surfacesurface pointspoints alongalong normalsnormals
•• Solve linear Solve linear systemsystem
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Surface Reconstruction
Normal Estimation

––FindFind kk-- nearestnearest pointspoints
––CalculateCalculate thethe tangenttangent planeplane
––GetGet plane normal plane normal andand associateassociate it to it to thethe pointpoint

••For For everyevery pointpoint
TheThe estimationestimation algorithmalgorithm::

••EstimatedEstimated normalsnormals cancan bebe in in 
differentdifferent sensessenses
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Surface Reconstruction
Principal Component Analysis

• Calculate the tangent plane
– Use the point we want to estimate the normal vector and its

k-nearest neighbors
– Create a 3x3 covariance matrix

• Get plane normal
– Extract the eigenvector of the covariance matrix

•• CalculateCalculate thethe tangenttangent planeplane
–– Use theUse the pointpoint wewe want to estimatewant to estimate the normal vectorthe normal vector andand itsits

kk--nearestnearest neighborsneighbors
–– Create a 3x3 covarianceCreate a 3x3 covariance matrixmatrix

•• Get plane normalGet plane normal
–– ExtractExtract thethe eigenvector of theeigenvector of the covariancecovariance matrixmatrix

covcov(z,z)(z,z)covcov(z,y)(z,y)covcov(z,x)(z,x)
covcov(y,z)(y,z)covcov(y,y)(y,y)covcov(x,y)(x,y)
covcov(x,z)(x,z)covcov(x,y)(x,y)covcov(x,x)(x,x)

where  where  
cov(a,bcov(a,b)=)=

CovarianceCovariance
MatrixMatrix ==

( )( )
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Surface Reconstruction
Normal Propagation

TheThe propagationpropagation algorithmalgorithm::
••GetGet anan arbitraryarbitrary pointpoint p p andand assume assume thatthat itsits
normal is normal is onon thethe correctcorrect sensesense

••WhileWhile therethere’s a normal ’s a normal sensesense notnot adjustedadjusted

••For For eacheach oneone of of thethe nearestnearest neighborsneighbors n of pn of p

––MarkMark thethe normal normal sensesense as as adjustedadjusted

––If If thethe angleangle betweenbetween p normal p normal andand n normal > 90n normal > 90

••InvertInvert normal normal sensesense

θ
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Surface Reconstruction
RBF- Based- Algorithm

• Estimate Normals
– Find k- nearest neighbors
– Find a tangent plane on these points (PCA)

• Get plane normal (eigenvector)

– Propagate normals senses
• Generate extra surface points along normals
• Solve linear system

•• EstimateEstimate NormalsNormals
–– FindFind kk-- nearestnearest neighborsneighbors
–– FindFind a a tangenttangent plane plane onon thesethese pointspoints (PCA)(PCA)

•• GetGet plane normal (plane normal (eigenvectoreigenvector))

–– PropagatePropagate normalsnormals sensessenses

•• GenerateGenerate extra extra surfacesurface pointspoints alongalong normalsnormals
•• Solve linear Solve linear systemsystem
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Surface Reconstruction
RBF- Based – The Linear System

• Problem:
– The linear system can be very large
– This may not be solvable in an useful time

•• ProblemProblem::
–– TheThe linear linear systemsystem cancan bebe veryvery largelarge
–– ThisThis maymay notnot bebe solvablesolvable in in anan usefuluseful timetime

•Solution:
–Partition of Unity

•Space partition using overlapped regions
•Weight function

••SolutionSolution::
––PartitionPartition of of UnityUnity

••SpaceSpace partitionpartition usingusing overlappedoverlapped regionsregions
••WeightWeight functionfunction
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Surface Reconstruction
RBF- Based – Partition of Unity

• Create overlapping regions
– Each region has a limited number of points
– Each region has a weight function

• Solve a system for each region

•• CreateCreate overlappingoverlapping regionsregions
–– EachEach regionregion hashas a a limitedlimited numbernumber of of pointspoints
–– EachEach regionregion hashas a a weightweight functionfunction

•• Solve a Solve a systemsystem for for eacheach regionregion
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Surface Reconstruction
RBF- Based – Partition of Unity

• The global solution is:
– F(p) = ∑ fi(p)wi(p), for each i region that contains

the point p
• fi: local system solution for region i
• wi: weight function of the region i
• p: x,y,z point coordinates

• To ensure ∑wi=1

– wi(p)=   Wi(p)

•• TheThe global global solutionsolution is:is:
–– F(p) = F(p) = ∑∑ ffii(p)(p)wwii(p), for (p), for eacheach i i regionregion thatthat containscontains

thethe pointpoint pp
•• ffii: local : local systemsystem solutionsolution for for regionregion ii
•• wwii: : weightweight functionfunction of of thethe regionregion ii
•• p: x,y,z p: x,y,z pointpoint coordinatescoordinates

•• To To ensureensure ∑∑wwii=1=1

–– wwii(p)=   (p)=   WWii(p)(p)
∑jWj(p)∑∑jjWWjj(p)(p)
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Surface Reconstruction
RBF- Based – Partition of Unity

• wi(x,y,z)=

• si: lower limit of region i
• ti: higher limit of region i

•• wwii(x,y,z)=(x,y,z)=

•• ssii: : lowerlower limitlimit of of regionregion ii
•• ttii: : higherhigher limitlimit of of regionregion ii

(ti.x-si.x)2                  (ti.y-si.y)2 (ti.z-si.z)2(t(tii.x.x--ssii.x).x)2                  2                  (t(tii.y.y--ssii.y).y)22 (t(tii.z.z--ssii.z).z)22
2(x-si.x)(ti.x-x) 2(y-si.y)(ti.y-y) 2(z-si.z)(ti.z-z)2(x2(x--ssii.x)(t.x)(tii.x.x--x) 2(yx) 2(y--ssii.y)(t.y)(tii.y.y--y) 2(zy) 2(z--ssii.z)(t.z)(tii.z.z--z)z)
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Surface Reconstruction
RBF- Based- Algorithm

• Estimate Normals
– Find k-nearest neighbors
– Find a tangent plane on these points (PCA)

• Get plane normal (eigenvector)
– Propagate normals senses

• Generate extra surface points along normals
• Subdivide space in overlapped regions
• Solve linear system for each region
• Global solution is obtained considering the weight

functions

•• EstimateEstimate NormalsNormals
–– FindFind kk--nearestnearest neighborsneighbors
–– FindFind a a tangenttangent plane plane onon thesethese pointspoints (PCA)(PCA)

•• GetGet plane normal (plane normal (eigenvectoreigenvector))
–– PropagatePropagate normalsnormals sensessenses

•• GenerateGenerate extra extra surfacesurface pointspoints alongalong normalsnormals
•• Subdivide Subdivide spacespace in in overlappedoverlapped regionsregions
•• Solve linear Solve linear systemsystem for for eacheach regionregion
•• Global Global solutionsolution is is obtainedobtained consideringconsidering thethe weightweight

functionsfunctions
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Surface Reconstruction
Visualization

• Once we got the implicit function of the model, 
how can we visualize it ?

– Create a polygon mesh

– Draw the polygons

• Marching Cubes

•• OnceOnce wewe gotgot thethe implicitimplicit functionfunction of of thethe modelmodel, , 
howhow cancan wewe visualize it ?visualize it ?

–– Create a polygonCreate a polygon meshmesh

–– DrawDraw thethe polygonspolygons

•• Marching CubesMarching Cubes
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• Divide space in a set of cubes

• Evaluate the function on the vertices of each
cube

• Create a polygon mesh based on the results of 
the evaluation

•• Divide Divide spacespace in a set of cubesin a set of cubes

•• EvaluateEvaluate thethe functionfunction onon thethe verticesvertices of of eacheach
cubecube

•• CreateCreate a a polygonpolygon meshmesh basedbased onon thethe resultsresults of of 
thethe evaluationevaluation

Iso-Surface Extraction
Marching Cubes
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Iso-Surface Extraction
Marching Cubes

• Divide space in a set of cubes•• Divide Divide spacespace in a set of cubesin a set of cubes
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• Evaluate function on each vertex
• Create a polygon mesh
•• EvaluateEvaluate functionfunction onon eacheach vertexvertex
•• CreateCreate a a polygonpolygon meshmesh

Iso-Surface Extraction
Marching Cubes
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• All cases•• AllAll casescases

Iso-Surface Extraction
Marching Cubes
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Surface Reconstruction
RBF- Based – Algorithm:  SummarySummary

• Estimate Normals
– Find k-nearest neighbors
– Find a tangent plane on these points (PCA)

• Get plane normal (eigenvector)
– Propagate normals senses

• Generate extra surface points along normals
• Subdivide space in overlapped regions
• Solve linear system for each region
• Global solution is obtained using weight functions
• Polygonize with marching cubes

•• EstimateEstimate NormalsNormals
–– FindFind kk--nearestnearest neighborsneighbors
–– FindFind a a tangenttangent plane plane onon thesethese pointspoints (PCA)(PCA)

•• GetGet plane normal (plane normal (eigenvectoreigenvector))
–– PropagatePropagate normalsnormals sensessenses

•• GenerateGenerate extra extra surfacesurface pointspoints alongalong normalsnormals
•• Subdivide Subdivide spacespace in in overlappedoverlapped regionsregions
•• Solve linear Solve linear systemsystem for for eacheach regionregion
•• Global Global solutionsolution is is obtainedobtained usingusing weightweight functionsfunctions
•• PolygonizePolygonize withwith marching cubesmarching cubes


