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Stencil: 7-point Jacobi
• 3D Stencil. 

• Heat equation 

• Finite difference method. 

• Calculate: 
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2. Stencil Model

2.1. Stencil Equation

The stencil model is given by the explicit 3D heat equa-
tion [4]:

Bi,j,k =↵Ai,j,k

+ �(Ai�1,j,k +Ai,j�1,k +Ai,j,k�1

+Ai+1,j,k +Ai,j+1,k +Ai,j,k+1)
(1)

This seven-point stencil performs a single Jacobi (out-
of-place) iteration. Thus, reads and writes occur in two dis-
tinct arrays (A, B), where each subscript represent the 3D
index into array A or B. For each grid point, this stencil will
execute 8 floating point operations [3]. The stencil sweep
can be expressed as a triply nested loop presented in algo-
rithm 1.

Algorithm 1 Pseudocode for stencil algorithm
1: for each timestep do

2: Compute in parallel

3: for each block in X-direction do

4: for each block in Y-direction do

5: for each block in Z-direction do

6: Compute stencil(3D tile)
7: end for

8: end for

9: end for

10: end for

3. Experimental Setup

In this section we present the configurations considered
in this work: stencil algorithms, the multicore architectures
and the input and performance vectors.

3.1. Stencil algorithms

In order to obtain best performance we used three al-
gorithms implemented in [5] with optimizations explained
in [1].

3.1.1. Naive: First algorithm is the standard implementa-
tion of the triple nested loops coming from the three spa-
tial dimensions. This allows a very straightforward use of
OpenMP directives. Unfortunately, this standard implemen-
tation offers a poor cache reuse.

3.1.2. Blocking: Second algorithm uses the cache block-
ing technique. The main idea is to exploit the inherent data
reuse available in the triple nested loop of the elastodynamic
kernel by ensuring that data remains in cache across multi-
ple uses. Dependency between the velocity and the stress

components is exploited to implement a space-time decom-
position.

3.1.3. Skew: Third algorithm is also based on cache
misses reduction. These new approaches decompose the
stencil using both the space and the time directions. In-
deed, the spacetime domain is computed in a specific or-
der, which means that the computations begin with the
subdomains closest to the left boundary and then ex-
tend to the right boundary to honor the data dependen-
cies [2].

The advantage on Blocking and Skew algorithms is to
improve the computational intensity by keeping a relatively
small amount of data in cache memory and by performing
many more floating-point operations on them.

3.2. Experimental testbed

We used two multicore architectures to run our exper-
iments: one machine with a single Intel Haswell processor
(single socket) to avoid cache transferences and one NUMA
platform composed of 4 Intel Nehalem processors. Config-
urations of our testbed are listed in Table 1.

Node 1 Node 2
Processor i5-4570 Xeon X7550
Clock (GHz) 3.20 2.0
Cores 4 8
Sockets 1 4
Threads 4 64
L3 cache size (MB) 6 18
Compiler gcc-5.3.1 gcc-4.6.4

Table 1: Experimental testbed configurations.

3.3. Input and performance space

For each stencil experiment, we created one configura-
tion vector and obtained one performance vector. Input pa-
rameters are related to code optimization and execution run-
time. Fore code optimization we use one parameter for par-
allel looping in OpenMP (omp task or omp parallel

for). For the runtime, we used two parameters for thread
counting (total available threads and used threads), one pa-
rameter for the chunk size and one parameter for schedul-
ing policy used by OpenMP (static, guided and dynamic).
Each one of input configurations were executed 15 times
to compute the averages. We used PAPI library [6] to mea-
sure cache-related information.

The performance measures are obtained with following
values: Total cache misses L3 (PAPI L3 TCM event),Total
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Experiments (Testbed)
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Node 1 Node 2
Processor i5-4570 Xeon X7550

Clock (GHz) 3.2 2.0

Cores 4 8

Sockets 1 4

Threads 4 64

L3 Cache size (MB) 6 18

Compiler gcc-4.6.4 gcc-4.6.4
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Experiments (Setup)
• Output: 

• Cache misses: 
(PAPI_L3_TCM) 

• Cache Accesses: 
(PAPI_L3_TCA) 

• Time 

• GFLOPS
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Input vector
Total configurations

Node 1 Node 2

Threads 2 6

Looping 2 2

Size 3 3

Chunk 4 4

Scheduling 3 3

Total 144 432



Algorithms
Naive

• Triple nested loops coming from the 
three spatial dimensions  

Blocking

• Dependencies between 
components are exploited to 
implement a space-time 
decomposition. 

Skew

• Decompose the stencil using both 
the space and the time directions 
but in a specific order.
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Figure 1: Sequential communication-avoiding algorithm. The
computations begin with subdomain closest to the boundary
and then extend to the right.

points mandatory to evaluate several time steps in the same tile.
Thus, the partitioning needs to correspond to the slope and
the order of the stencil. Under the assumption that data in this
tile will fit in cache memory, a maximum number of floating
point operations will be performed to reuse them. An important
characteristic of this strategy is the explicit cut criterion as one
needs to determine the best size or shape for the tiles in order
to maximize the performance. Several remarks may influence
the implementation and performance of this algorithm. First of
all, the space domain is computed in a specific order, which
means that the computations begin with the subdomains closest
to the left boundary and then extend to the right boundary
to honor the data dependencies. Consequently, this algorithm
cannot be executed out of order. We can also notice a load
imbalance in the number of grid points for each subdomain.
The interior blocks perform the same amount of work whereas
the boundary regions have a different workload.
Another key issue is the maximum number of iterations that
can be simultaneously performed. If we define Nxloc as the size
of the tile along the x-axis, only Nxloc − 1 time steps can be
evaluated before shifting out of the current subdomain. Thus,
a restart strategy is required by blocking the time direction.
This maximum number of computations for a single tile can
dramatically be reduced when the order of the stencil increases.
When we move from a second-order stencil to a fourth-order
one, the maximum number of time steps is therefore divided
by a factor two.
Space-time decomposition significantly improves temporal
cache-reuse as the ratio between computations and memory
accesses grows as O(N).

B. Parallel version

Two directions can be identified for the parallel implemen-
tation of the sequential spacetime decomposition methodology.
The preliminary strategy could be to follow the sequential
algorithm and then distribute the subdomains among the dif-
ferent processors. As the algorithm must be executed in a
specific order, the difficulty is then to introduce the relevant
synchronization mechanisms at the end of the computation
of each parallel subdomain before starting the next one. For
example in Figure 1, the first subdomain must be started,

but not necessarily completed before the beginning of the
computation of the second one.
A red and black strategy (i.e. mesh coloring) can also be
used in order to break the data dependency. The red or black
triangles can therefore be evaluated independently without any
synchronization phase between the tiles that hold the same
color. A barrier is still required at the end of each computing
phase. When considering a three-dimensional domain with the
vertical Z-direction as the unit stride and the X-Y horizontal
directions divided following the red and black strategy in order
to create independent tiles, we generate four different types
of tiles. The horizontal directions are therefore computed in
four stages, corresponding to each type of partition, such as
red-black, red-red, black-red, black-black. Algorithm 1 and
Figure 2 give a global view of the parallel algorithm with the
evolution of the shape of the subdomains for three time steps.
The different possible shapes for the tile are underlined with
different colors and we can observe the imbalance introduced
by this algorithm. Indeed, the size of the sub-domains is
rather different with an increase or decrease of the number
of grid points evaluated and this depends on the type of
tile considered. As described by the algorithm 1, only the
horizontal directions are computed in parallel. Indeed, the
treatment of the vertical unit-stride direction takes into account
the ideas of references such as [5], which underline the impact
of using a long unit stride on current architectures. The initial
algorithm illustrated in Figure 1 is therefore applied with the
opportunity of taking advantage from prefetching. We therefore
rely on OpenMP programming model for the implementation
with the use of dynamic threads scheduling in order to control
the imbalance of algorithm.

Algorithme 1 : Parallel spacetime decomposition algo-
rithm.
1 for each color do
2 Compute in parallel
3 for each block in X-direction do
4 for each block in Y-direction do
5 for each timestep do
6 begin
7 define the shape of the tile with

respect to the current timestep
8 compute stencil(3D tile)
9 end

10 end
11 end
12 end
13 end

C. Application to seismic numerical kernels

Considering standard implementation of finite-differences
method for elastodynamics problems, we can notice that the
spacetime approach introduced in the previous section is
particularly well suited. The odd-even dependency between
the velocity and the stress components can be exploited to
implement a space-time decomposition. For instance, a similar
strategy has been suggested in 1996 by R.W. Graves [8]
for the same equation. Almost twenty years ago, the point
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13

0

2

4

6

8

Node 1 Node 2

G
flo

ps

1e+02

1e+05

1e+08

Node 1 Node 2

L3
 c

ac
he

 m
is

se
s

Performance Cache Misses

Naive (magenta), Blocking (green) and Skew(cyan)



Results (Scalability)
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Results (Problem size)
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Results (Scheduling)
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Results (Scheduling)
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Makespan
(Naive parallelfor)
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(Naive parallelfor)
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Makespan
(Naive tasking)
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Makespan
(Naive tasking)
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Conclusion
• Tasking achieves good performance when the algorithm does 

not use cache intensively (Skew). 

• Chunk size and scheduling algorithms (OpenMP) play an 
important role for Naive algorithm and can contribute to achieve 
a peak of performance. 

• Fitting: Cache misses can be approximated by linear fitting 
whereas the performance could be predicted by exponential 
fitting 

• Future: we intend to develop an auto-tuning approach to 
automatize the choice of the input parameters
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