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Who? 

• Prof. Aris Anagnostopoulos 

 

 

• Prof. Luciana S. Buriol 

 

 

• Prof. Guido Schäfer 

 



What will We Cover? 

Topics: 

• Network properties 

• Models for network formation 

• Influence processes in networks 

• External memory algorithms 

• Streaming algorithms 

• Web graph compression 

• Selfish routing games 

• Inefficiency of equilibria and Braess paradox 

• Stackelberg routing 

• Network tolls 
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What Do We Need? 

• Some math background: 

– A bit of probability theory 

– Some basic game theory 

 

• Some background on algorithms and complexity 

 

• Participation! 



Course Schedule 

• Days: 

– 29/2/2012 

– 1/3/2012 

– 2/3/2012 

• Lecture Hours: 

– 9:00 – 10:30 

– 11:00 – 12.30 

– 14:30 – 16:00 

• Open session: 16:30 – 18:00 



Resources 

Many of the things that we cover are from papers. But 

some references are the following books: 

 

 

Duncan Watts: Six Degrees: The Science of a Connected Age 

A nontechnical introduction for the topics we covered and more 

David Easley, Jon Kleinberg: Networks, Crowds, and Markets: 

Reasoning About a Highly Connected World 

An introductory textbook with a lot of topics on networks (social and not) 

Also free at: http://www.cs.cornell.edu/home/kleinber/networks-book/ 

Malcolm Gladwell: The Tipping Point: How Little Things Can Make a 

Big Difference  

About success stories about how the tipping point works; an easy and 

interesting read 

Michael Mitzenmacher and Eli Upfal: Probability and Computing: 

Randomized Algorithms and Probabilistic Analysis 

Introduction about probabilistic techniques in computer science 



What Is a Social Network? 

• Social network: graph that represents relationships 

between independent agents. 



Social Networks Are Everywhere 

and Are Important! 

Offline: 

 

• Friendship network 

– “Show me your friend and I’ll show you who you are!” 

• Professional contacts 

– Finding jobs 

• Network of colleagues 

– Learning new techniques 

• Network of animals 

– E.g., two cows are connected if they have been in the same area 

– Mad-cow disease 



Nirvana 



http://www.seattlebandmap.com 



Seattle 



Multiple Social Networks 



Examples: 

• Obesity: 

– People with obese friends have higher probability to become 

obese 

 

• Smoking 

– If your friends smoke you have higher chances to smoke 

 

• Happiness 

– If your friends make you happy you become happy 

 

• There is effect not only to friends, but to friends of friends 

and to friends of friends of friends 









Social Networks Are Everywhere 

and Are Important! 

Online — Web 2.0 systems: 

 

• Social networking systems 

 

• Content sharing systems 

 

• Content creation systems 

 

• Online games 

 



Online Revolution 

• People switch more and more of their interactions from 

offline to online 

• Pushing the # of contacts we can keep track of (Dunbar 

number) 

• Redefining privacy 

 

• Ideal for experiments in social sciences: 

– Ability to measure and record all activities 

– Massive data sets 



Online Revolution 



Structure of Social Networks 

• Social networks are an example of complex networks 

 

• Other examples: 

– WWW, Citation graph, Biological networks, Internet, Telephone 

networks, Electricity grid, … 

 

• Studied by Mathematicians, Physicists, Computer 

Scientists, Sociologists, Biologists 

 

• A lot of similar characteristics 



Structure of Complex Networks 

1. One giant component 

2. Power-law degree distributions 

3. Small world 

4. Globally sparse, locally dense 



Giant Component 

• There is a large connected component containing the 

vast majority of the nodes 

• The second smallest is much much smaller 

• There are a lot of disconnected nodes 



MSN Messenger 



Power-Law Degree Distributions 

• The degree distributions of the networks follow a power-

law distribution 

 

• What is power law? 



Power-Law Distribution 

• Exponential distribution: 

 

• Power-law distribution: 

 



Power-Law Distribution - 2 

 

• It is a heavy-tail distribution 

• Heavy tail: It decays slower than an exponential 

 

• It is also called scale-free: 

 

• It appears in many places: 
– Degree distribution 

– Population of cities 

– Word frequencies 

– Website hits 

– Income 



Power-Law Distribution - 3 



Exponential Distribution 



Back to Degree Distributions 

Internet Graph 



Web Graph Indegree 



Web Graph Outdegree 



Degree Distributions 

Indegree of the *.brown.edu domain 



Degree Distributions 

Outdegree of the *.brown.edu domain 



Flickr Graph, Indegrees & 

Outdegrees 



Power Laws Everywhere 



Power Laws Everywhere – 2 



Power Laws Everywhere - 3 



Small World 



Small World 



Small World 



Small World 



Small World 



Small World – Facebook study 

In January 2012 researchers from Facebook and University of 

Milan published results on the Facebook network 

• Active users on May 2011 

• n = 721M, m = 69 B 

• Average distance = 4.74 

 

 



Small World – Facebook study 



Globally Sparse, Locally Dense 

• Social networks are sparse, i.e. small number of edges 

 (think of facebook) 

 

• They are locally dense: many of my friends are friends 

with each other 

 

 

Can we measure that? 



Clustering Coefficient 

How many of your friends are friends? 

Clustering Coefficient Cv of user v measures the density 

of its neighborhood. 

 

 

 

 

 

For the entire graph: 

 

v Cv = 1 if all friends also linked to each-other 

Cv = 0 if no friends linked to each-other 



Globally Sparse, Locally Dense 

• For Facebook: 

 

 

 

 

• For Yahoo! Messanger: 

 

 

 

 

• One explanation: Communities 



Models for Social Networks 

We saw some properties of Social Networks 

 

Can we develop models that generate these properties? 

 

Why develop models? 

 

• Understand the process of network formation 

• Use them for prediction 

• Use them for simulations 



Modeling Approaches 

Two main types of mathematical models: 

 

Probabilistic 

• There is a random process that creates the networks 

• Allow fitting the model to the data to estimate parameters 

• Can be used to make predictions 

• Answer how 

 

Game Theoretic 

• Agents (Users) are rational players in a “game” 

• Answer why 

This lecture 



Erdős-Rényi Random Graph 

Model 

• It’s been out since the 50’s 

• The simplest possible 

• Not a good model for social networks 

• Will give us intuition for the small world 



Erdős-Rényi Random Graph 

Model 

• It is also called Gn,p 

• A graph has n vertices 

 

• So it has at most     edges 

 

• Each edge exists w.p. p, independently of the others 

• p is in general a function of n 

 

We want to study properties of the graph for large n 



Simple Graph Questions 

• What is the expected number of edges? 

 

• What is the expected degree? 

 

• How many possible graphs can be constructed? 

 

• Assume that a graph has m edges. What is the probability it 

will be created by the Gn,p model? 



Graph Properties 



Graph Properties 

• We say that a property holds with high probability (whp) if 
the probability goes to 1 as n→ 

 

• We can also say that it holds for almost all graphs. 

 

Example: A graph is connected whp. if 

 

 

 

 

We study properties as p goes from 0 to 1. 



Monotone Graph Properties 

A property is called monotone if adding edges does not 

destroy it. 

 

Example: Connectivity, small diameter, Hamiltonian cycle 

 

Theorem: If a monotone property holds for Gn,p whp then it 

also holds for Gn,p’ whp. if p'’ > p. 



Phase Transition 

For many properties we have a threshold: p* 

 

• If p < p* the property holds for almost no graphs. 

• If p > p* the property suddenly holds for almost all graphs. 

 

We say that we have a phase transition at p* 



Connectivity 

We study the connectivity of the graph 

lnn

n

0 p

Disconnected 

Connected 



Degree Distribution 

Degree distribution is Binomial: 

 

 



Random Graphs for Social 

Network Modeling 
What are the properties of social networks that random graphs 

create? 

 

 

 

What are the nonrealistic properties? 
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Random Graphs for Social 

Network Modeling 
What are the properties of social networks that random graphs 

create? 

 

• Small worlds 

 

What are the nonrealistic properties? 

 

• In real networks nodes are not connected to random nodes, 

we have communities 

• Degree distribution is power-law, not binomial 

 

 



Random Graphs for Social 

Network Modeling 
In real networks we have links between people “in our 

neighborhood” and some “random” links 

 

This brings us to the Watts-Strogatz model 



Watts-Strogatz Model 

Parameters: n, k, p 

 

• n nodes are arranged on a ring 

• Each node connects to k of its 

closest neighbors 

• Each link is independently 

“rewired” to be random with 

probability p 

 

• p controls randomness n = 9, k = 2, p = 1/3 
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The effect of p 



The effect of p 

There is a large range of p 

where L(p) is almost like 

random but C(p) is much 

better than random 



Interpretation of Links 

• Structured links are local 

• Random links are long-range 

 

• Local links reflect strong ties 

• Long-range links reflect weak ties 

 

• Social networks consist of a mixture of structured 

and local links 



Preferential Attachment 

• A model for the creation of social networks 

• We start with a network 

• In every step a new node arrives with 2 slots 

• Each slot connects to a node with prob. proportional to degree 

T = 3 T = 4 T = 5 T = 6 


