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“NP captures vast domains of computational, scientific, and
mathematical endeavors, and seems to roughly delimit what
mathematicians and scientists have been aspiring to compute
feasibly.”1

Christos Harilaos Papadimitriou.

1Christos H. Papadimitriou, “NP-completeness: A retrospective”,
International Colloquium on Automata, Languages, and Programming, 1997, p.
2.
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Basic definitions

▶ Words and lengths.

▶ Problems definition and types: decision and optimization.

▶ Instances and sizes.

▶ Computational models and elementary operations.
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Asymptotic analysis

Relation Read as Meaning

𝑓 = 𝒪(𝑔) 𝑓 ≤ 𝑔 the growth of 𝑓 is NOT FASTER than the growth of 𝑔

𝑓 = Ω(𝑔) 𝑓 ≥ 𝑔 the growth of 𝑓 is NOT SLOWER than the growth of 𝑔

𝑓 = Θ(𝑔) 𝑓 = 𝑔 the growths of 𝑓 and 𝑔 are EQUALLY fast/slow

𝑓 = 𝑜(𝑔) 𝑓 < 𝑔 the growth of 𝑓 is SLOWER than the growth of 𝑔

𝑓 = 𝜔(𝑔) 𝑓 > 𝑔 the growth of 𝑓 is FASTER than the growth of 𝑔
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Algorithms

▶ Polynomial equals efficient.

▶ Pseudo-polynomial.

▶ Strongly polynomial.



Previous lecture

Examples

▶ Element repeated in vector.

▶ Prime number.

▶ Satisfiability (SAT).

▶ Knapsack.
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Class P

𝑃 is the class of DECISION PROBLEMS that can be SOLVED
by POLYNOMIAL ALGORITHMS.

A decision problem Π belongs to class 𝑃 iff there exist a
polynomial function 𝑝 and an algorithm 𝐴, such that 𝐴 solves any
instance 𝐼 of Π in 𝒪(𝑝(⟨𝐼⟩)).

The element repeated in vector problem is in 𝑃.
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Class NP (Nondeterministic Polynomial time)

𝑁𝑃 is the class of DECISION PROBLEMS, whose affirmative
answer has a CERTIFICATE that can be VERIFIED by
POLYNOMIAL ALGORITHMS.

A decision problem Π belongs to class 𝑁𝑃 iff there exists a
decision problem Π′ ∈ 𝑃 and a polynomial function 𝑝, such that
for each instance 𝐼 of Π, there exist an object 𝐶, where
⟨𝐶⟩ ≤ 𝑝(⟨𝐼⟩) and the answer to Π with instance 𝐼 is affirmative iff
the answer to Π′ with instance (𝐼, 𝐶) is affirmative.

In such cases 𝐶 is know as the POLYNOMIAL CERTIFICATE.

Satisfiability (SAT) is in 𝑁𝑃.
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Class co-NP

co-𝑁𝑃 is the class of DECISION PROBLEMS, whose negative
answer has a CERTIFICATE that can be VERIFIED by
POLYNOMIAL ALGORITHMS.

A decision problem Π belongs to co-𝑁𝑃 iff the problem Π′, whose
answer is negative when the answer of Π is positive and positive
otherwise, belongs to 𝑁𝑃.

Prime number is in co-𝑁𝑃.

* Actually Prime number is also in 𝑁𝑃 (Vaughan R. Pratt, “Every prime has a succinct certificate”, 1975).
Moreover, Prime number is in 𝑃 (Manindra Agrawal, Neeraj Kayal and Nitin Saxena, “PRIMES is in P”, 2004).
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Reductions

A REDUCTION from a problem Π to a problem Π′, is an
algorithm 𝐴 that solves Π on the assumption there exists an
algorithm 𝐴′ to solve Π′.

The algorithm 𝐴 must transform any instance 𝐼 of Π in a valid
instance 𝐼′ of Π′ and also must transform the answer obtained for
Π′ with instance 𝐼′ in a correct answer of Π with instance 𝐼.

If the algorithm 𝐴 is polynomial, then the reduction is a
POLYNOMIAL REDUCTION:

Π ≤𝑇 Π′.
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Class NP-complete

𝑁𝑃-complete is the class of DECISION PROBLEMS in 𝑁𝑃,
such that for any problem of 𝑁𝑃 there exists a polynomial
reduction to them.

A decision problem Π ∈ 𝑁𝑃 is 𝑁𝑃-complete iff for any problem
Π′ ∈ 𝑁𝑃: Π′ ≤𝑡 Π.

SAT was the first problem proved to be 𝑁𝑃-complete.

3-SAT (the special case of SAT where every clause has exactly 3
literals) is 𝑁𝑃-complete.

* Actually Circuit-SAT was the first 𝑁𝑃-complete problem (Stephen A. Cook, “The complexity of theorem-proving
procedures”, 1971).
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Class NP-hard

𝑁𝑃-hard is the class of problems, such that for any problem of 𝑁𝑃
there exists a polynomial reduction to them.

A problem Π is 𝑁𝑃-hard iff for any problem Π′ ∈ 𝑁𝑃: Π′ ≤𝑡 Π.

max-SAT and Knapsack are 𝑁𝑃-hard but not 𝑁𝑃-complete.
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Diagram of classes

P

NP co-NP

NP-complete co-NP-complete

NP-hard

Efficient algorithms
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Millennium prize problem

𝑃 = 𝑁𝑃?
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NP-hard problems
We only can select one edge

Algorithms

Find an optimal solution

Execute in polynomial time Solve any instance
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NP-hard problems
Optimal solution - Polynomial time

Algorithms

Find an optimal solution

Execute in polynomial time Solve any instance

Only possible for special cases

and sub-classes of the problem
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NP-hard problems
Polynomial time - For any instance

Algorithms

Find an optimal solution

Execute in polynomial time Solve any instance

Solutions without optimality guarantees:

heuristics, metaheuristics, matheuristics

and approximation algorithms
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NP-hard problems
Optimal solution - For any instance

Algorithms

Find an optimal solution

Execute in polynomial time Solve any instance

Enumeration algorithms

high computational costs
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Exercise 1.

Demonstrate that:

If Π1 ≤𝑇 Π2 and Π2 ≤𝑇 Π3, then Π1 ≤𝑇 Π3.
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Exercise 2.

Demonstrate that:

If Π is a decision problem, Π′ ∈ 𝑃 and Π ≤𝑇 Π′, then Π ∈ 𝑃.
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Exercise 3.

Demonstrate that:

If Π is a decision problem, Π′ ∈ 𝑁𝑃 and Π ≤𝑇 Π′, then Π ∈ 𝑁𝑃.
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Exercise 4.

Demonstrate that:

If Π′ is 𝑁𝑃-complete and Π ≤𝑇 Π′, then Π is 𝑁𝑃-hard.
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