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“The final test of a theory is its capacity to solve the problems
which originated it.”1

George B. Dantzig.

1George B. Dantzig, “Linear Programming and Extensions”, Rand
Corporation Research Study Princeton University Press, 1963, p. 1.
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Previous lectures

Linear programming

▶ Linear programming definitions, geometrical interpretation
and equivalence.

▶ Dual linear programming problem, duality theorems and
complementary slackness.

▶ Dantzig-Wolfe decomposition and columns generation
method.



Simplex



Simplex

George Dantzig

George Bernard Dantzig (8/11/1914−13/5/2005, United
States of America)
Research:

▶ Linear programming.
▶ Operational research.
▶ Industrial engineering.

Awards:
▶ John von Neumann Theory Prize of the Institute

for Operations Research and the Management
Sciences (1975).

▶ National Medal of Science in Mathematical,
Statistical, and Computational Sciences (1975).

▶ Harvey Prize (1985).
▶ Harold Pender Award (1995).



Simplex

Properties

Since the constraints of a linear system define a polyhedron 𝑃 as
feasible region, it follows that if there exists an optimal solution for
a linear objective function, then one of the polyhedron extremes is
an optimal.

Moreover, the extremes of the polyhedron are points where the
non-zero variables correspond to linearly independent columns of
the matrix of constraints. Therefore, if there exists an optimal,
then an optimal solution can be obtained by considering a base of
the constraint matrix.



Simplex

Algorithm

Idea. Start with a base 𝐵 of the constraint matrix 𝐴 and compute
a solution (an extreme point). At each iteration, the movement to
an adjacent extreme point is done only if the objective value can
be improved. If there exists an improvement, then it is given by
increasing the value of a variable 𝑥𝑖 whose associated column 𝑖 is
out of 𝐵 (𝑥𝑖 = 0). In such case, replace a column of 𝐵 by 𝑖.

Time complexity. In order to guarantee efficiency, the algorithm
maintains a tableau updated at each iteration. That tableau allows
to find the variable 𝑥𝑖 and to compute the new extreme very fast.
However, in the worst case scenario, the algorithm may enumerate
each extreme, being exponential on the number of variables,.
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Ellipsoids

Leonid Khachiyan

Leonid Genrikhovich Khachiyan (3/5/1952 − 29/4/2005,
Russia)
Research:

▶ Linear programming.
▶ Mathematical programming.
▶ Polyhedral theory.
▶ Complexity and graph theories.

Awards:
▶ Fulkerson Prize of the American Mathematical

Society & Mathematical Programming Society
(1982).



Ellipsoids

Ellipsoid algorithm for convex problems

Consider a SEPARATING ORACLE, i.e., a function that receives a convex set 𝑆 and
a point 𝑥, and indicates that 𝑥 ∈ 𝑆 or returns an hyperplane that separates 𝑥 from 𝑆.

To determine if a convex set 𝑆 is feasible, start with an ellipsoid ℰ (large enough)
bounding 𝑆 and, at each iteration, ask to the oracle if the ellipsoid center 𝑥 is in 𝑆. If
not, let 𝐻 be the hyperplane separating 𝑥 from 𝑆 and update ℰ to be a minimum
volume ellipsoid containing ℰ ∩ 𝐻+. Stop if 𝑥 ∈ 𝑆 or if the volume of ℰ is smaller
than some threshold.

→ → …
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Ellipsoids

Algorithm

Idea. Proved that the ellipsoid method applied to linear
programms requires polynomial time to solve the problem.

Time complexity. 𝒪 (𝑛6 × ⟨𝐼⟩), where 𝑛 is the number of
variables and ⟨𝐼⟩ is the size (in bits) of the instance.
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Projective

Narendra Karmarkar

Narendra Krishna Karmarkar (15/11/1955, India)
Research:

▶ Linear programming.
▶ Non-linear problems.
▶ Computer architecture.

Awards:
▶ Frederick W. Lanchester Prize of the

Operations Research Society of America
(1984).

▶ Fulkerson Prize of the American
Mathematical Society & Mathematical
Programming Society (1988).

▶ Paris Kanellakis Award of the Association
for Computing Machinery (2000).



Projective

Property

Given the polytope 𝑃 and an interior point 𝑐 ∈ 𝑃, there exists a transformation to a
polytope 𝑃 ′ with interior point 𝑐′, such that the factor between the radius (𝑟𝑠) of the
smallest sphere containing 𝑃 ′ centered at 𝑐′ and the radius (𝑟𝑙) of the largest sphere
contained in 𝑃 ′ and centered at 𝑐′ is 𝒪 (𝑛).

𝑟𝑠
𝑟𝑙

= 𝒪 (𝑛)𝑐′

𝑟𝑠

𝑟𝑙



Projective

Algorithm

Idea. Repeatedly apply the transformations, each one followed by
an optimization of the inscribed sphere in order to obtain a
sequence of points that converge to an optimal solution in
polynomial time.

Time complexity. 𝒪 (𝑛3.5 × ⟨𝐼⟩), where 𝑛 is the number of
variables and ⟨𝐼⟩ the size (in bits) of the instance.
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Final comments

Faster results

▶ 𝒪 ((𝑚 + 𝑛)1.5 × 𝑛 × 𝐿). Pravin M. Vaidya. “Speeding-up linear programming
using fast matrix optimization”. FOCS, 1989.

▶ 𝒪 ((𝑛𝑛𝑧(𝐴) + 𝑛2) ×
√

𝑛 × 𝐿). Yin Tat Lee and Aaron Sidford. “Efficient
inverse maintenance and faster algorithms for linear programming”. FOCS,
2015.

▶ 𝒪 (𝑛2.166 × 𝐿). Michael B. Cohen, Yin Tat Lee and Zhao Song. “Solving
linear programs in the current matrix multiplication time”. STOC, 2019.

▶ 𝒪 (𝑛2.055 × 𝐿). Shunhua Jiang, Zhao Song, Omri Weinstein and Hengjie
Zhang. “Faster dynamic matrix inverse for faster LPs”. ArXiv, 2020.



Final comments

Families of linear programming algorithms

▶ Basis exchange: Simplex, Columns generation, Criss-cross
algorithms.

▶ Interior point methods: Ellipsoid, Projective, Matrix
multiplication.
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