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“I have always wanted to prove a lower bound about the behavior
of branch and bound, but I never could.”1

George Nemhauser

1R.J. Lipton and K.W. Regan. “Branch and bound—why does it work?”.
2012.

https://rjlipton.wordpress.com/2012/12/19/branch-and-bound-why-does-it-work/
https://rjlipton.wordpress.com/2012/12/19/branch-and-bound-why-does-it-work/
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Branch & Price

Motivation

Some formulations have a huge number of variables, where most
of them will be zero in an optimal solution.

A linear relaxation considering all variables would be
computationally very expensive.

A solution may be to consider only a small subset of variables
(columns) and to include (generate) others whenever necessarily.



Branch & Price

Problem decomposition

Given max {𝑐𝑡 × 𝑥|𝐴 × 𝑥 ≤ 𝑏, 𝑥 ∈ 𝒮 ⊂ ℤ𝑛
+}, if 𝒮 is finite, the problem can be

re-written as:

max { ∑
𝑥∈𝒮

𝑐𝑡 × 𝑥 × 𝑧𝑥| ∑
𝑥∈𝒮

𝐴 × 𝑥 × 𝑧𝑥 ≤ 𝑏, ∑
𝑥∈𝒮

𝑧𝑥 = 1, 𝑧 ∈ {0, 1}|𝒮|}
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

(Similar to Dantzig-Wolfe decomposition: Full master problem)

If 𝒮 can be decomposed, then the problem can be re-written as:

max
⎧{
⎨{⎩

𝑘
∑
𝑖=1

∑
𝑥∈𝒮𝑖

(𝑐𝑖)𝑡 × 𝑥𝑖 × 𝑧𝑖
𝑥|

𝑘
∑
𝑖=1

∑
𝑥∈𝒮𝑖

(𝐴𝑖) × (𝑥𝑖) × 𝑧𝑖
𝑥 ≤ 𝑏, ∀1 ≤ 𝑖 ≤ 𝑘 ∶ ∑

𝑥∈𝒮𝑖
𝑧𝑖

𝑥 = 1, 𝑧 ∈ {0, 1}|𝒮|
⎫}
⎬}⎭⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

(Full master for block structure)

If the subsets are identical, then the the problem can be re-written as:

max { ∑
𝑥∈𝒮1

𝑐𝑡 × 𝑥 × 𝑧𝑥| ∑
𝑥∈𝒮1

𝐴 × 𝑥 × 𝑧𝑥 ≤ 𝑏, ∑
𝑥∈𝒮1

𝑧𝑥 = 𝑘, 𝑧 ∈ {0, 1}|𝒮1|}
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

(Full master for identical blocks)
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Pricing and Lagrangian relaxation

If (𝑤≤, 𝑤=) is a dual optimal solution for the linear relaxation of the problem
considering the only a subset ℛ ⊂ 𝒮 (restricted master problem), then a new
column is included to ℛ if the following is positive:

max {(𝑐 − 𝐴𝑡 × 𝑤≤)𝑡 × 𝑥 − 𝑤=|𝑥 ∈ 𝒮}⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
(subproblem: pricing problem)

Which is very similar to the following Lagrangian relaxation of the Full master
problem:

max {𝑐 × 𝑥 + 𝜆 × (𝑏 − 𝐴 × 𝑥) |𝑥 ∈ 𝒮}⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
(Lagrangian relaxation)

Moreover, the optimal value of the Full Master linear relaxation is equal to the
optimal value of the Lagrangian dual:

min {max {𝑐 × 𝑥 + 𝜆 × (𝑏 − 𝐴 × 𝑥) |𝑥 ∈ 𝒮} |𝜆 ≥ 0}⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
(Lagrangian dual)
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Branching strategy

Consider an optimal solution 𝑥∗ ∉ ℤ𝑛 for the linear relaxation:

▶ Different restrictions on subsets. There exists 1 ≤ 𝑖 ≤ 𝑘,
(𝑥𝑖)∗ = ∑𝑥∈𝒮𝑖

(𝑥𝑖) × 𝑧𝑖
𝑥 ∉ ℤ𝑛𝑖, implying that (𝑥𝑖)∗

𝑗 ∉ ℤ, for some 𝑗. Thus, a
possible branching is a variable disjunction:

∑
𝑥∈𝒮𝑖

(𝑥𝑖)𝑗 × 𝑧𝑖
𝑥 ≤ ⌊(𝑥𝑖)∗

𝑗⌋ and ∑
𝑥∈𝒮𝑖

(𝑥𝑖)𝑗 × 𝑧𝑖
𝑥 ≥ ⌈(𝑥𝑖)∗

𝑗⌉

▶ Identical restrictions on subsets. (Vanderbeck and Wolsey, 1996). Find a
minimum set of rows ℒ and integers {𝛼𝑟}𝑟∈ℒ, such that
𝒮ℒ = {𝑥|𝑥 ∈ 𝒮1, ∀𝑟 ∈ ℒ ∶ (𝐴 × 𝑥)𝑟 ≥ 𝛼𝑟} satisfies ∑

𝑥∈𝒮ℒ

𝑧∗
𝑥 = 𝛽 ∉ ℤ. Then,

define the following disjunction:

∑
𝑥∈𝒮ℒ

𝑧𝑥 ≤ ⌊𝛽⌋ and ∑
𝑥∈𝒮ℒ

𝑧𝑥 ≥ ⌈𝛽⌉

* The addition of this disjunctions may complicate the pricing problem, since a new dual variable will be
included for each constraints.
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Initial ℛ ⊂ 𝒮

▶ The initial restricted master problem must have a feasible
linear relaxation to ensure that proper dual information is
passed to the pricing problem.

▶ Depending on the problem it is not always obvious how to
select the initial ℛ.

▶ A solution can be obtained by adding a set of artificial
variables with large negative costs and associated columns
that form an identity matrix. (A “good” initial restricted
master is important!).
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Branch & Cut

Motivation

To describe the convex hull of the integer solutions of a problems
may require a huge number of constraints.

A linear relaxation considering all constraints would be
computationally very expensive.

A solution may be to consider only a small subset of constraints
and to include others whenever necessarily.



Branch & Cut

Cut generation

Select cuts to apply in each node. They can be an specific family
of cuts for a particular problem or standard cuts:

▶ Gomory cuts.
▶ Clique cuts.
▶ Odd hole cuts.
▶ Cover cuts.
▶ Flow cuts.
▶ Simple preprocessing cuts.

The number of inequalities generated can be huge, thus:
▶ Limit the number of cuts added per iteration.
▶ Systematically delete cuts that became ineffective.



Branch & Cut

Selecting cuts

Predict which cuts will be more effective (very difficult).

Some measures are:

▶ Distance from the point to be cut off.

▶ Bound improvement (hard to calculate).

▶ Degree of violation (easy to apply).

For many problems the cut generation is more important in the
root of the enumeration tree.



Branch & Cut

Branching

Branching may occur when the bound improvement slows.

The amount of effort allocated for branching should be tuned in
order to obtain a proper balance (which is difficult to determine for
different classes of problems).
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Final comments

Other variants

▶ Instead of Linear relaxation use a combinatorial relaxation.

▶ Replace the linear relaxation by a Lagrangian relaxation (e.g.,
relax & cut).

▶ Combinations of different variants are also a common practice
(e.g., branch & cut & price).



Final comments

Considerations

▶ The complexity of optimizing the algorithm itself is immense.

▶ The careful balance of the levels of effort devoted to each
process (preprocessing, searching, pruning and branching)
leads to a “good” algorithmic implementation.

▶ If after an “acceptavel” computation time, a feasible solution
wasn’t found or the gap between the lower and upper bounds
is too large, some strategies for improving the bounds should
be considered: heuristics for the primal (lower) bounds or
changing the formulation for the dual (upper) bounds.
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