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“If you cannot solve the proposed problem, look around for an
appropriate related problem.”1

George Pólya

1George Pólya. “Mathematical discovery: On understanding, learning, and
teaching problem solving”. John Wiley & Sons, 1981, p. 241.



1 Introduction

2 Model-based heuristics
RINS
Polishing algorithm
Local branching
Proximity search
Feasibility pump
Corridor method
POPMUSIC



Introduction



Introduction

Definition

Matheuristics are the hybridization of mathematical programming
techniques with heuristics / metaheuristics algorithms.

The mathematical programming plays a central role around which
the heuristic algorithm is built.

They are a concept framework for the design of mathematical
heuristics and they are not a rigid paradigm.



Introduction

Matheuristics

The hybridization can be done in both ways:

▶ Mathematical programming embedded in heuristics and
metaheuristics algorithms.

▶ Heuristics and metaheuristics used to improve known
mathematical programming techniques.

Although these approaches can be done in both ways, the first of
the above possibilities had been more studied.
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Model-based heuristics

RINS

The relaxation-induced neighborhood search (RINS) defines a
neighborhood 𝒩(𝑥) of a solution 𝑥 as follows:

▶ Obtain an optimal solution of a relaxation 𝑥∗.

▶ Fix the positions where 𝑥 and 𝑥∗ are equal and are integer.

Typically, the resulting problem is easier to solve, as fixing reduces
considerable the size and often provides improved solutions with
respect to 𝑥. So, an exact solver is used for that purpose.

This strategy was originally designed to be integrated in Branch &
Bound algorithms.



Model-based heuristics

Polishing algorithm

Polishing algorithms combine the mathematical programming with
evolutionary computation, containing the main ingredients of genetic
algorithms and incorporating the solver calls in the crossover and
mutation operators:

▶ Crossover. RINS scheme is adopted to combine solutions,
guaranteeing new feasible solutions.

▶ Mutation. Several variables are randomly fixed, and a solver is used
for the subproblem.

The strategy was initially developed to be used in nodes of a Branch &
Bound procedure.



Model-based heuristics

Local branching

If the formulation contains binary variables, then denote by ℬ the set of
binary variables indices and consider a fixed integer parameter 𝑘 is
defined and a reference solution 𝑥 is given (probably from a relaxation
and not necessarily feasible).

The local branching defines the following invalid constraint:

Δ(𝑥, 𝑥) = ∑
𝑖∈ℬ∶𝑥𝑖=0

𝑥𝑖 + ∑
𝑖∈ℬ∶𝑥𝑖=1

1 − 𝑥𝑖 ≤ 𝑘

The feasible solutions the problem with the additional constraint Δ(𝑥, 𝑥)
belong to the 𝑘-opt neighborhood of 𝑥 (𝒩(𝑥, 𝑘)).

The strategy explores 𝒩(𝑥, 𝑘) probably heuristically (i.e., by setting a
maximum node number or time limit to a solver).



Model-based heuristics

Local branching

▶ The parameter 𝑘 should be “small enough” (usually between
10 and 20). Otherwise, the strategy would be completely
ineffective.

▶ The strategy had successfully drive to integrality many
component of linear relaxations, improving the capability of
finding “almost” optimal solutions in a very short time.

▶ It can be seen as a local search or a large neighborhood
search, where neighborhoods are obtained by the addition of
invalid cuts.



Model-based heuristics

Proximity search

Proximity search can be seen as the dual of local branching.

Given a reference solution 𝑥 and a minimum improvement 𝜇 > 0, the
proximity search strategy (for a maximization problem) defines the cut:

𝑐𝑡 × 𝑥 ≥ 𝑐𝑡 × 𝑥 + 𝜇

Where, 𝑐𝑡 × 𝑥 is the value to maximize. After that, the objective function
can be replaced to minimize:

Δ(𝑥, 𝑥) = ∑
𝑖∈ℬ∶𝑥𝑖=0

𝑥𝑖 + ∑
𝑖∈ℬ∶𝑥𝑖=1

1 − 𝑥𝑖

Then, a solver is used for the new problem solution (probably with
limited time or number of nodes).



Model-based heuristics

Proximity search

▶ The parameter 𝜇 should not be “too large” and its value
usually is selected depending on the problem and the instance.

▶ To avoid 𝑥 be rejected by the cutoff constraint, a variant is
the proximity search with incumbent, where a large penalty
𝑃 >> 0 is defined and also a continuous slack variable 𝜆,
being the new objective to minimize Δ(𝑥, 𝑥) + 𝑃 × 𝜆 and the
cut:

𝑐𝑡 × 𝑥 ≥ 𝑐𝑡 × 𝑥 + 𝜇 × (1 − 𝜆)

▶ Computational experiments confirmed that this approach is
quite successful for several problems.



Model-based heuristics

Feasibility pump

Feasibility pump uses a generalization of the proximity search objective
function, where ℐ denotes the set of integer variables and:

Δ(𝑥, 𝑥) = ∑
𝑖∈ℐ

|𝑥𝑖 − 𝑥𝑖|

The strategy begins with an optimal solution of the linear relaxation 𝑥∗

and an integer solution 𝑥 obtained by rounding 𝑥∗ (i.e., 𝑥 ← [𝑥∗]). At
each iteration (pumping cycle) the method executes the following steps:

▶ 𝑥∗ ← min{Δ𝑙(𝑥, 𝑥)|𝐴 × 𝑥 ≤ 𝑏, 𝑥 ∈ ℝ𝑛}, where {𝐴 × 𝑥 ≤ 𝑏, 𝑥 ∈ ℝ𝑛}
is problem polyhedron and Δ𝑙(𝑥, 𝑥) is a linearlization of Δ(𝑥, 𝑥).

▶ If 𝑥∗ is integer, then the method stops with that value.
▶ If 𝑥∗

𝑖 ≠ 𝑥𝑖 for some 𝑖 ∈ ℐ, then 𝑥 ← [𝑥∗]. Otherwise, 𝑇 components
of 𝑥 are perturbed, being 𝑇 a random number.



Model-based heuristics

Feasibility pump

▶ The algorithm aims to reduce the distance Δ(𝑥∗, 𝑥) of a
continuous solution 𝑥∗ to an integer solution 𝑥.

▶ A main problem of the method is the possibility of “cycling”
(i.e., repeating the same sequence of solutions). To overcome
this problem, a random perturbation may be applied whenever
a cycle is heuristically detected.



Model-based heuristics

Corridor method

The corridor method defines a family of neighborhoods 𝒩ℳ(𝑥) of a
solution 𝑥 (not necessarily feasible), that define a family of subproblems,
where the subproblem associated with the neighborhood 𝒩ℳ(𝑥) can be
solved by a method ℳ.

The strategy can be seen as an iterated local search where, at each
iteration:

▶ A corridor 𝒩ℳ(𝑥) is selected around the incumbent solution 𝑥.

▶ The subproblem with the selected corridor is solved with method ℳ.

▶ If the solution is improved, then the new solution becomes the
incumbent (and possibly remove the corridor).



Model-based heuristics

Corridor method

▶ Different from traditional metaheuristic, the neighborhoods of
this heuristic are model-based instead of move-based.

▶ Although it was conceptualized to be used with dynamic
programming methods, it can be used with embedded solvers
and other methods.



Model-based heuristics

POPMUSIC

Partial optimization metaheuristic under special intensification
conditions (POPMUSIC) splits an initial solution 𝑥 in ℎ parts:
𝑥 = 𝑥1𝑥2 … 𝑥ℎ defining an 𝑟-proximity criterion for each pair of parts.

The idea is to iteratively attempt to improve 𝑥. The algorithm starts
with an empty vector 𝑦 and 𝑦 receives a part of 𝑥, if such part does not
improve the solution. The algorithm stops when 𝑦 = 𝑥 and at each
iteration executes the following instructions:

▶ Select a part 𝑥𝑖.

▶ Solve a reduced problem 𝑅 defined by the components of 𝑥𝑖 and all
𝑟-close parts to 𝑥𝑖.

▶ If the solution of 𝑅 is improved, then 𝑥 is updated and 𝑦 ← ∅.
Otherwise, 𝑦 ← 𝑦 ∪ 𝑥𝑖.



Model-based heuristics

POPMUSIC

▶ Method designed for large combinatorial problems that can be
partially optimized.

▶ The strategy can also be useful for solving online optimization
problems.
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